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Abstract
We show the existence of a natural bijection between continuous representa-
tions of a Banach algebra A on a reflexive Banach space Y subordinate to X, and
normal representations of X˚ on Y . We define the spaces appAq and wappAq and
study some of their properties. We show that if A has a bounded approximate
identity, then a functional on A is in wappAq if and only if it is a coordinate func-
tion of a continuous representation of A on a reflexive Banach space. We prove
that whenever A has a bounded right approximate identity, then a functional on
A is in lucpAq if and only if it is a coordinate function of some norm continuous
representation of A on a dual Banach space.
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CHAPTER 1
Introduction and Preliminaries
1.1. Introduction
Suppose pi : A ÝÑ L pY q is a continuous representation of a Banach algebra A
on a Banach space Y (the precise definitions of the terms undefined below can be
found later in this chapter). If y P Y and λ P Y ˚, then by the coordinate function
of pi corresponding to y and λ, we mean the continuous linear functional piy,λ P A˚,
defined by piy,λpaq “ xλ, pipaqyy pa P Aq. One of the main objectives of this thesis is
to show that for certain types of representations, the coordinate functions piy,λ have
specific analytic properties such as almost periodicity, weak almost periodicity, and
left/right uniform continuity. Another major theme of this thesis is to study the
converse problem. That is, if f P A˚ has one of the properties of almost periodicity,
weak almost periodicity, or left/right uniform continuity, whether we can represent
f as a coordinate function of a representation of a specific type.
Below we shall give a brief description of the chapters in this thesis.
In the remainder of this chapter, we shall recall for the convenience of the
reader some of the main definitions and results that are needed in the main part
of the thesis. Unless otherwise mentioned, the proofs of the results in this chapter
may be found in Conway [4], or Megginson [37].
Suppose A is a Banach algebra, X is a closed subspace of A˚, Y is a dual
Banach space with predual Y˚, and pi is a continuous representation of A on Y .
We call pi subordinate to X if piy,λ P X for all y P Y and λ P Y˚. In Chapter 2,
we show the existence of a natural bijection between continuous representations
of A on Y subordinate to X and normal representations of X˚ on Y , whenever
X is topologically left (right) introverted in A˚ and Y is reflexive. This result
can be regarded as a natural extension of the well known correspondence between
the representations of a C˚-algebra and the representations of its enveloping von
Neumann algebra (see Dixmier [13, (12.1.5)]).
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We devote Chapter 3 to [weakly] almost periodic functionals, which have been
studied by several authors in recent decades (see Dunkl–Ramirez [17, 18], Granirer
[25], U¨lger [50], Lau [34], Lau–Wong [36], Duncan–U¨lger [15], and more recently,
Hu [30], Mustafayev [39], Daws [10, 11, 12], Runde [44, 45] and Young [51]).
We define the spaces appAq and wappAq and study some of their properties. Our
main interest in the space of weakly almost periodic functionals lies in the fact
that it is a topologically introverted subspace of A˚.
It is known that for an involutive Banach algebra A with a bounded aproximate
identity, every positive linear functional on A is a coordinate function of an invo-
lutive representation on some Hilbert space (see for example, Dixmier [13, Propo-
sition 2.4.4]). Being a coordinate function of a representation on some Hilbert
space, a positive linear functional is in fact weakly almost periodic by Young [51,
page 102] or Filali-Monfared [19, Lemma 2.3]. Our aim in Chapter 4 is to extend
this result on positive linear functionals to weakly almost periodic functionals. We
show that if a Banach algebra A has a bounded approximate identity, then every
weakly almost periodic functional on A is a coordinate function of a representation
of A, on some reflexive Banach space Y , subordinate to wappAq.
The spaces lucpAq and rucpAq of left and right uniformly continuous functionals
on A are studied in Chapter 5. We show that a function on a locally compact
group G is left uniformly continuous if and only if it is a coordinate function of the
conjugate representation of L1pGq associated to some unitary representation of G.
We generalize the latter result to an arbitrary Banach algebra with bounded right
approximate identity. We prove that the functionals in lucpAq are all coordinate
functions of some norm continuous representation of A on a dual Banach space.
Author’s contribution. The results in this thesis are primarily from the
paper by Filali–Neufang–Monfared [20]. Additionally, the results on [weakly] al-
most periodic functionals presented in Chapter 3 are mostly drawn from Duncan–
Hosseiniun [14] and Duncan–U¨lger [15]. Additional sources are mentioned in the
relevant sections. The author’s main contribution in this thesis has been to pro-
vide full details of the main results presented in the thesis when this can be done
without diverging too much from the main subject of the research.
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Among the results whose proofs have been substantially expanded, we can
mention Theorems 2.18, Propositions 3.6 and 3.8, Theorem 3.12, Theorem 4.5,
Lemma 4.7, Theorem 4.8, Lemmas 5.1 and 5.5, Theorems 5.7, 5.9, 5.10, 5.12 and
Corollaries 5.11 and 5.13.
1.2. Banach spaces
Definition 1.1. A Banach space X is a normed space which is complete with
respect to the metric defined by the norm.
Example 1.2. (1) The field C of complex numbers is a Banach space with the
absolute value as the norm.
(2) Suppose X is a normed space and Y is a Banach space. Then the space
L pX, Y q of all continuous linear operators from X into Y is a Banach space with
the operator norm, defined by
}T } “ sup
xPX
}x}ď1
}T pxq} pT P L pX, Y qq.
Definition 1.3. Let X be a normed space over field F. The dual space of X,
denoted by X˚, is the Banach space L pX,Fq of all continuous linear functionals
on X.
We define the second dual of X by X˚˚ “ pX˚q˚, and we embed X into X˚˚
as follows.
Proposition 1.4. Let X be a normed space. The map
ι : X ÝÑ X˚˚, x ÞÑ xˆ,
where xˆpfq “ fpxq for all f P X˚, is an isometric isomorphism from X into X˚˚.
Moreover, the subspace ιpXq of X˚˚ is closed if and only if X is a Banach space.
Definition 1.5. The map ι in the preceding proposition is called the canonical
embedding of X into X˚˚.
The canonical embedding is not surjective in general. If ιpXq “ X˚˚, then we
say that X is reflexive.
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Every Banach space is endowed with the norm topology. Our next definition
presents two additional well-known topologies which we will be used frequently in
this thesis.
Definition 1.6. Let X be a Banach space.
(i) The weak topology on X, denoted by σpX,X˚q (or simply w if there is
no confusion), is the topology on X defined by the family of seminorms
tpf : f P X˚u, where
pf pxq “ |fpxq| px P Xq.
Thus a net pxαq in X converges to x in the w-topology if and only if
lim
α
fpxαq “ fpxq for all f P X˚.
(ii) The weak˚ topology on X˚, denoted by σpX˚, Xq (or simply w˚ if there is
no confusion), is the topology on X˚ defined by the family of seminorms
tpx : x P Xu, where
pxpfq “ |xˆpfq| pf P X˚q.
Thus a net pfαq in X˚ converges to f in the w˚-topology if and only if
lim
α
fαpxq “ fpxq for all x P X.
The w-topology is weaker than the norm topology. On the dual space of any
Banach space, the w˚-topology is the weaker than the w-topology.
We end this section by presenting Goldstine’s theorem.
Theorem 1.7. (Goldstine’s Theorem) Let X be a Banach space. Let ι :
X ÝÑ X˚˚, x ÞÑ xˆ be the canonical embedding of X into X˚˚. If BX and BX˚˚
denote the closed unit balls of X and X˚˚, respectively, then ιpBXq is w˚-dense in
BX˚˚, and ιpXq is w˚-dense in X˚˚.
1.3. Convergence results
If W is a set and f : W ÝÑ r0,8q is a function, then we define ř
xPW
fpxq to be
the supremum of its finite partial sums, i.e.,ÿ
xPW
fpxq “ supt
ÿ
xPF
fpxq : F Ă W, F finiteu.
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Our next result can be found in Folland [22, Proposition 0.20].
Proposition 1.8. Given a function f : W ÝÑ r0,8q, let S “ tx P W :
fpxq ą 0u. If S is uncountable, then ř
xPW
fpxq “ 8. If S is countably infinite, thenř
xPW
fpxq “
8ř
n“1
fpgpnqq, where g : N ÝÑ S is any bijection and the sum on the
right is an ordinary infinite series.
The frequently used consequence of the above proposition is that if X is a
normed vector space and txαuαPI is a subset of X such that ř
αPI
}xα} ă 8, then
only countably many elements of txαuαPI are different from zero. We will use this
result in the work below, without explicitly referring to Proposition 1.8.
Recall that for a Banach space X, a series
ř
n xn is said to be absolutely
convergent if
ř
n }xn} converges.
Theorem 1.9. A normed space X is a Banach space if and only if each abso-
lutely convergent series in X converges.
Many subsets of normed spaces that we work with are convex. For such sets the
weak and norm closures are the same. This is justified by the following well-known
result.
Theorem 1.10. (Mazur’s Theorem) A convex subset of a Banach space is
norm closed if and only if it is weakly closed.
Our final result of this section is due to Grothendieck [26, Theorem 6].
Theorem 1.11. (Grothendieck’s criterion) Let E be any topological space
and let C pEq denote the Banach space of all bounded continuous functions on E.
Then a set A Ă C pEq is weakly relatively compact if and only if it is bounded
and it is impossible to find sequences tfiu in A and txju in E such that the limits
lim
i
lim
j
fipxjq and lim
j
lim
i
fipxjq both exist and are distinct.
1.4. Duals of subspaces
Let X be a normed space. Recall that for a subset S Ă X, the annihilator of
S is defined by
SK “ tf P X˚ : f |S ” 0u.
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Theorem 1.12. Let M be a closed subspace of a normed space X. Then there
is an isometric isomorphism between M˚ and X˚{MK that identifies f `MK P
X˚{MK with f |M PM˚.
As a consequence of Theorem 1.12, we readily identify M˚ with X˚{MK in
our arguments. We can prove the following useful result as an easy corollary of
Goldstine’s theorem.
Corollary 1.13. Suppose X is a Banach space, and M is a closed subspace
of X˚. Then the image 9X of X, under the canonical mapping
X ãÑ X˚˚ ÝÑ X˚˚{MK –M˚,
is w˚-dense in M˚:
9X
σpM˚,Mq “M˚. (1)
Proof. Theorem 1.7 implies that for all F P X˚˚, there exists a net txαu in
X such that xˆα
w˚ÝÝÑ F . Hence,
lim
α
x 9xα,my “ lim
α
xxˆα `MK,my “ lim
α
xxˆα,my “ xF,my “ xF `MK,my.
Therefore,
9xα
w˚ÝÝÑ F `MK PM˚.

We end this section by introducing faithful subspaces of X˚.
Definition 1.14. Let X be a Banach space and M be a closed subspace of
X˚. Then M is said to be faithful, if x “ 0 whenever x P X and fpxq “ 0 for all
f PM .
Lemma 1.15. Let X be a Banach space and M be a closed faithful subspace of
X˚. Then the canonical mapping
X ãÑ X˚˚ ÝÑ X˚˚{MK –M˚
is injective, and hence X – 9X.
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Proof. Suppose 9x “ 0 for some x P X. Then xˆ `MK “ 0 and so xˆ P MK.
Therefore, xˆpfq “ 0 for all f P M . Thus fpxq “ 0 for all f P M and hence x “ 0,
since M is faithful. 
1.5. Banach algebras
Our main objects of study in this research are Banach algebras and their duals.
For the definition of an algebra see Hewitt–Ross [27, Definition C.1].
Definition 1.16. Let A be an algebra over C. Then A is a Banach algebra if
A is a Banach space with a norm } ¨ }, which satisfies }ab} ď }a}}b} for all a, b P A.
If A has an identity (an element e of A such that for all a P A, ae “ ea “ a),
then we say that A is unital.
Examples 1.17. (1) Suppose Y is a Banach space. The space L pY q of
all continuous linear operators on Y is a Banach algebra with composition
of operators as the product.
(2) Let G be a locally compact group and µ a left Haar measure on G. The
space L1pGq of all (equivalence classes of) integrable functions on G (i.e.,
measurable functions f on G satisfying }f}1 “
ş
G
|fpsq|dµpsq ă 8) is
a Banach algebra, called the group algebra of G, with the convolution
product ˚ defined by
pf ˚ gqptq “
ż
G
fpsqgps´1tqdµpsq pf, g P L1pGq, t P Gq.
The group algebra L1pGq is unital if and only if G is discrete, and is
commutative if and only if G is commutative (see Rickart [41, Section
A.3.1]).
We also work extensively with Banach A-bimodules.
Definition 1.18. (Banach module) Let A be a Banach algebra. A [right]
left Banach A-module is a Banach space E such that E is a [right] left A-module,
and there exists C ą 0 such that for all a P A and x P E, we have
r}x ¨ a} ď C}a} }x}s }a ¨ x} ď C}a} }x}.
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If E is a both left and right Banach A-module, then it is said to be a Banach
A-bimodule, provided that a ¨ px ¨ bq “ pa ¨ xq ¨ b for all a, b P A and x P E.
Example 1.19. The simplest example of a Banach A-bimodule is A itself with
the multiplication as the module action. The dual of A has a canonical Banach
A-bimodule structure which is defined by the operations (1) and (2) in Definition
1.20 below (see also Lemma 1.21).
The second dual A˚˚ of a Banach algebra A can be turned into a Banach
algebra by defining an appropriate product as we show below.
Definition 1.20. (Arens products) Let A be a Banach Algebra. For all
a, b P A, λ P A˚ and Ψ,Φ P X˚˚, we define ΨlΦ and Ψ♦Φ in A˚˚ in stages as
follows:
(1) λ ¨ a P A˚ is defined by xλ ¨ a, by “ xλ, aby.
(2) a ¨ λ P A˚ is defined by xa ¨ λ, by “ xλ, bay.
(3) Φ ¨ λ P A˚ is defined by xΦ ¨ λ, ay “ xΦ, λ ¨ ay.
(4) λ ¨Ψ P A˚ is defined by xλ ¨Ψ, ay “ xΨ, a ¨ λy.
(5) ΨlΦ P A˚˚ is defined by xΨlΦ, λy “ xΨ,Φ ¨ λy.
(6) Ψ♦Φ P A˚˚ is defined by xΨ♦Φ, λy “ xΦ, λ ¨Ψy.
The products l and ♦ are called the first and second Arens products on A˚˚,
respectively. We note that ΨlΦ and Ψ♦Φ are not equal in general. We say A is
Arens regular if ΨlΦ “ Ψ♦Φ for all Ψ,Φ P A˚˚.
We will use the following results extensively. The proofs can be found in
Appendix B.
Lemma 1.21. With the operations defined in 1.20 above, we have
(i) A˚ is a Banach A-bimodule with the canonical module actions defined in
(1) and (2).
(ii) Ψ ¨ pλ ¨ aq “ pΨ ¨ λq ¨ a and pa ¨ λq ¨Ψ “ a ¨ pλ ¨Ψq.
(iii) Each of the first and second Arens products turns A˚˚ into a Banach
algebra.
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(iv) A˚ is a left Banach pA˚˚,lq-module with the canonical left module ac-
tion defined in (3), and A˚ is a right Banach pA˚˚,♦q-module with the
canonical right module action defined in (4).
(v) Both l and ♦ are extensions of the product of A to A˚˚, in the sense
that if a, b P A and aˆ, bˆ are the canonical images of a and b in A˚˚, thenpab “ aˆlbˆ “ aˆ♦bˆ.
The following lemma follows easily from the definition.
Lemma 1.22. Let A be a Banach algebra, a P A, λ P A˚, and Ψ,Φ P A˚˚. Let
aˆ denote the canonical image of a in A˚˚. Then
(1) λ ¨ a “ λ ¨ aˆ and a ¨ λ “ aˆ ¨ λ;
(2) Ψlaˆ “ Ψ♦aˆ and aˆlΨ “ aˆ♦Ψ;
(3) the maps Ψ ÞÑ ΨlΦ and Ψ ÞÑ Φ♦Ψ are w˚-continuous;
(4) the maps Ψ ÞÑ aˆlΨ and Ψ ÞÑ Ψ♦aˆ are w˚-continuous.
We end this section by introducing C˚-algebras.
Definition 1.23. An involution on an algebra A is a map a ÞÑ a˚ on A, that
satisfies
px` yq˚ “ x˚ ` y˚, pλxq˚ “ λ¯x˚, pxyq˚ “ y˚x˚, x˚˚ “ x
for all x, y P A and λ P C.
Definition 1.24. A C˚-algebra is a Banach algebra A equipped with an in-
volution which satisfies
}x˚x} “ }x}2 for all x P A.
Example 1.25. Suppose H is a Hilbert space. Then the Banach algebra
L pHq, defined in Example 1.17.1, is C˚-algebra. For each T P L pHq, the in-
volution of T is the adjoint operator T ˚ P L pHq defined by
xT ˚ξ|ηy “ xξ|Tηy for all ξ, η P H.
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1.6. Representations of Banach algebras
Definition 1.26. (Representation) A representation of a Banach algebra
A on a Banach space Y is an algebra homomorphism
pi : A ÝÑ L pY q.
(1) pi is said to be faithful if a “ 0 whenever pipaq “ 0 (i.e., kerppiq “ t0u).
(2) pi is non-degenerate if the linear span of the set tpipaqy : a P A, y P Y u is
dense in Y .
(3) A closed subspace M Ă Y is said to be invariant under pi, if pipaqM ĂM
for all a P A. Clearly, t0u and Y are trivially invariant for any represen-
tation of A on Y . If pi does not have any non-trivial invariant subspace,
then pi is said to be topologically irreducible.
(4) Two representations, pi1 : A ÝÑ L pY1q and pi2 : A ÝÑ L pY2q, are said
to be equivalent if there exists a Banach space isomorphism V : Y1 ÝÑ Y2
such that V pi1paqV ´1 “ pi2paq for all a P A.
Definition 1.27. Let X be a Banach space. Then X is a dual Banach space
if there exists a Banach space X˚ such that X “ pX˚q˚. The space X˚ is called a
predual of X.
Definition 1.28. (Continuity of representations) Let A be a Banach al-
gebra, Y a Banach space and pi : A ÝÑ L pY q a representation of A on Y .
(1) We say pi is continuous if it is continuous with respect to the norm topolo-
gies of A and L pY q.
(2) If both A and Y are dual spaces, then we say that pi is w˚-continuous,
if it is continuous with respect to the w˚-topologies of A and L pY q –
pY pbY˚q˚, where Y pbY˚ denotes the projective tensor product of Y and Y˚
(see Ryan [46] for definition).
(3) If both A and Y are dual spaces and pi is continuous, then we say pi is
normal if it is also w˚-continuous.
Remark 1.29. Our definition of normality for representations is analogous
to that in Takesaki [49, Definition III.2.15], where a continuous linear mapping
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between two von Neuman algebras is normal if it is also continuous with respect
to the w˚-topologies.
Definition 1.30. (Coordinate function) Let A be a Banach algebra, Y be a
Banach space, and pi : A ÝÑ L pY q be a representation of A on Y . The coordinate
function of pi corresponding to y P Y and λ P Y ˚ is the linear functional piy,λ on A
defined by
piy,λpaq “ xpipaqy, λy pa P Aq.
Lemma 1.31. If pi is continuous, then piy,λ P A˚ for all y P Y and λ P Y ˚. If
both A and Y are dual Banach spaces and pi is w˚-continuous, then piy,λ P A˚ is
w˚-continuous for all y P Y and λ P Y˚.
Proof. The linearity of piy,λ follows immediately from the linearity of pi and
the linearity of elements of Y ˚. In fact, for fixed y P Y and λ P Y ˚, and for all
a, b P A and scalars α and β, we have
piy,λpαa` βbq “ xpipαa` βbqy, λy
“ xαpipaqy ` βpipbqy, λy
“ αxpipaqy, λy ` βxpipbqy, λy
“ αpiy,λpaq ` βpiy,λpbq.
Next we verify that piy,λ is continuous. In fact, we have
}piy,λpaq} “ }xpipaqy, λy} ď }pipaqy}}λ} ď }pipaq}}y}}λ} ď p}pi}}y}}λ}q}a}.
Thus piy,λ is a bounded linear functional, proving that piy,λ is continuous.
In the case when A and Y are dual spaces and pi is w˚-continuous, if paαq
is a net in A and aα Ñ a in the w˚-topology of A, then pipaαq Ñ pipaq in the
w˚-topology of L pY q “ pY pbY˚q˚. Hence if y P Y and λ P Y˚, then
piy,λpaαq “ xpipaαqy, λy “ xpipaαq, y b λy ÝÑ xpipaq, y b λy “ xpipaqy, λy “ piy,λpaq,
proving that piy,λ is w
˚-continuous. 
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We will sometimes work with anti-representations of A on Y , which are simply
algebra anti-homomorphisms. Thus, if pi is an anti-representation, then pipabq “
pipbqpipaq for all a, b P A. The terminology and results which are given above for
representations apply to anti-representations without change.
1.7. Representations of groups
If X is a Banach space, we will let IspXq Ă L pXq denote the group of all
linear isometries of X:
IspXq “ tT P L pXq : }Tx} “ }x} for all x P Xu.
We will assume that IspXq carries the strong operator toplogy (SOT) (i.e., Tα SOTÝÝÝÑ
T in IspXq if and only if }Tαx´Tx} ÝÑ 0 for all x P X). See Takesaki [49, Section
II.2] for detailed definitions of various topologies on L pXq.
A unitary operator on a Hilbert space is defined to be a linear transformation
H ÝÑ H that is a surjective isometry (see Conway [4, Page 20]). If H is a Hilbert
space, then UpHq Ă IspHq denotes the group of unitary operators on H.
Analogously to our definition of Banach algebra representations, we now define
representations of groups.
Definition 1.32. A representation of a topological group G on a Banach space
X is a group homomorphism V : G ÝÑ L pXq. The representation V is continuous
if it is continuous with respect to the SOT topology of L pXq and given topology
of G.
We will often work with representations where the target Banach space is in
fact a Hilbert space and the representation is unitary as defined below.
Definition 1.33. (Unitary representation) Let G be a locally compact
group and H a Hilbert space. A representation V : G ÝÑ L pHq is said to be
unitary if V pxq is a unitary operator on H for every x P G and V is continuous in
the sense of Definition 1.32.
Thus a unitary representation V : G ÝÑ L pHq satisfies V pxyq “ V pxqV pyq
and V px´1q “ V pxq´1 “ V pxq˚, and the map G ÝÑ H, x ÞÑ V pxqξ is continuous
for every ξ P H.
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Example 1.34. For a locally compact group G, the left regular representation
of G on L2pGq is the map
V : G ÝÑ L pL2pGqq
defined by
V pxqf “ x´1f pf P L2pGqq.
A verification that the left regular representation is unitary is presented in
Folland [21, page 68].
The definitions 1.32 and 1.33 can be stated for anti-representations with the
replacement of the homomorphism by an anti-homomorphism.
CHAPTER 2
Representations of the Dual of Introverted Subspaces
2.1. Dual Banach algebras
In this section, we introduce dual Banach algebras. We start by presenting
some introductory materials regarding dual Banach spaces.
Lemma 2.1. Let X be a dual Banach space with a predual X˚ and let Y Ă X be
a w˚-closed subspace of X. In this case, Y is a dual Banach space and Y˚ “ X˚{KY
is a predual of Y .
Proof. By definition,
KY “ tλ P X˚ : xy, λy “ 0 for all y P Y u.
This is a norm closed subspace of X˚, so we can form the Banach quotient space
X˚{KY . By the standard results (see Megginson [37, Theorem 1.10.17 and Propo-
sition 2.6.6(c)]), we have
pX˚{KY q˚ – pKY qK “ Y w
˚ “ Y.
In other words, X˚{KY is a predual to Y . 
Before we present the next lemma, we recall the following proposition from
Conway [4, Proposition A.1.4].
Proposition 2.2. Let X be a vector space and f, f1, . . . , fn be linear func-
tionals on X. If
Şn
k“1 kerfk Ă kerf, then there are scalars α1, . . . , αn such that
f “
nř
k“1
αkfk.
Proof. It may be assumed without loss of generality that for k “ 1, 2, . . . , n,Ş
j‰k kerfj ‰
Şn
j“1 kerfj. So for k “ 1, 2, . . . , n, there is a yk in
Ş
j‰k kerfj such
that yk R Şnj“1 kerfj. So fjpykq “ 0 for j ‰ k but fkpykq ‰ 0. Let xk “ ykfkpykq .
Then fkpxkq “ 1 and fjpxkq “ 0 for all j ‰ k. Now, let f be as in the statement
14
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of the proposition and put αk “ fpxkq. If x P X, let y “ x ´
nř
k“1
fkpxqxk. Then
fjpyq “ fjpxq ´
nř
k“1
fkpxqfjpxkq for j “ 1, . . . , n, and hence fpyq “ 0 by the
hypothesis. Thus
0 “ fpxq ´
nÿ
k“1
fkpxqfpxkq “ fpxq ´
nÿ
k“1
αkfkpxq;
that is, f “
nř
k“1
αkfk. 
Lemma 2.3. Let X be a Banach space with a predual X˚. Then X˚ is iso-
metrically isomorphic to the closed subspace of X˚ consisting of all w˚-continuous
linear functionals on X.
Proof. Clearly we can identify X˚ with its canonical image in X˚. This
identification is isometric and by Goldstine’s theorem, X˚ is w˚-dense in X˚. If
λ P X˚, then λ is w˚-continuous on X by definition of the w˚-topology. Suppose
that λ P X˚ is continuous in the w˚-topology. Then from the continuity criterion
of linear functionals on locally convex spaces (Conway [4, Theorem IV.3.1(f)]), it
follows that there are µ1, . . . , µn P X˚ such that |λpxq| ď
nř
k“1
|µkpxq| for all x P X.
But then
Şn
k“1 kerµk Ă kerλ, and hence for some scalars α1, . . . , αn, λ “
nř
k“1
αkµk
(Proposition 2.2 above). It follows that λ P X˚. 
We may now define dual Banach algebras and present some related results and
examples.
Definition 2.4. A Banach algebra A is said to be a dual Banach algebra with
a predual A˚ if A˚ is a Banach space such that pA˚q˚ “ A and the multiplication
on A is separately w˚-continuous (i.e., if paαq is a net in A and aα Ñ a P A, then
aαb
w˚ÝÝÑ ab and baα w˚ÝÝÑ ba for every b P A).
Lemma 2.5. A Banach algebra A is a dual Banach algebra if and only if there
is a norm closed Banach A-bisubmodule A˚ of A˚ such that pA˚q˚ – A as Banach
A-bimodules (i.e., there exists an isometric A-bimodule isomorphism between pA˚q˚
and A).
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Proof. Suppose A˚ is a norm closed Banach A-bisubmodule of A˚ such that
pA˚q˚ – A as Banach A-bimodules. Let aα w˚ÝÝÑ a P A, and let a1 P A. Then for
every f P A˚,
lim
α
xaαa1, fy “ lim
α
xaα, a1 ¨ fy “ xa, a1 ¨ fy “ xaa1, fy.
Therefore, aαa
1 w˚ÝÝÑ aa1. The proof that a1aα w˚ÝÝÑ a1a is similar.
Conversely, if A is a dual Banach algebra with a predual A˚, then we can take
A˚ to be the space of all w˚-continuous functionals on A (by Lemma 2.3). The
above argument shows that A˚ is a Banach A-bisubmodule of A˚. Clearly, we now
have pA˚q˚ – A as Banach A-bimodules. 
Lemma 2.6. If A is a dual Banach algebra, then the unitization A7 of A is also
a dual Banach algebra.
Proof. Let A be a dual Banach algebra with a predual A˚. We clearly have
the Banach space identifications
A7 “ A‘1 C “ pA˚q˚ ‘1 C “ pA˚ ‘8 Cq˚,
so it suffices to verify the continuity requirement.
Suppose ppa, λqαq is a net in A7 such that pa, λqα w˚ÝÝÑ pa, λq. By letting aα and
λα denote the projections of pa, λqα on its first and second components, respec-
tively, we have
xpaα, λαq, pa˚, 0qy “ xaα, a˚y ÝÑ xpa, λq, pa˚, 0qy “ xa, a˚y
for all pa˚, 0q P A˚ ‘ C, and
xpa, λqα, p0, 1qy “ λα ÝÑ xpa, λq, p0, 1qy “ λ.
Thus aα
w˚ÝÝÑ a and λα ÝÑ λ. So aαb w˚ÝÝÑ b for every b P B.
Let pb, βq P A7 be arbitrary. Then, for all pa˚, φq P A˚ ‘ C, we have
xpa, λqαpb, βq, pa˚, φqy “ xpaα, λαqpb, βq, pa˚, φqy
“ xpaαb` λαb` βaα, λαβq, pa˚, φqy
“ xaαb, a˚y ` λαxb, a˚y ` βxaα, a˚y ` λαβφ
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ÝÑ xab, a˚y ` λxb, a˚y ` βxa, a˚y ` λβφ
“ xab` λb` βa, a˚y ` λβφ
“ xpab` λb` βa, λβq, pa˚, φqy
“ xpa, λqpb, βq, pa˚, φqy.
Therefore, we have pa, λqαpb, βq w˚ÝÝÑ pa, λqpb, βq. A similar calculation shows that
pb, βqpa, λqα w˚ÝÝÑ pb, βqpa, λq, proving that the multiplication on A7 is separately
w˚-continuous. Hence A7 is a dual Banach algebra with respect to the predual
A7˚ “ A˚ ‘8 C. 
An analogue of Lemma 2.1 holds for dual Banach algebras.
Lemma 2.7. Let A be a dual Banach algebra with a predual A˚, and let B Ă A
be a w˚-closed subalgebra of A. Then B is a dual Banach algebra with a predual
B˚ “ A˚{KB.
Proof. In view of Lemma 2.1, it suffices to show that the multiplication on
B is separately w˚-continuous with respect to B˚ “ A˚{KB. Let bα w˚ÝÝÑ b P B.
For each f P A˚, let pipfq denote the natural image of f in B˚. It follows from
lim
α
xbα, fyA,A˚ “ lim
α
xbα, pipfqyB,B˚ “ xb, pipfqyB,B˚ “ xb, fyA,A˚
that bα
w˚ÝÝÑ b P A as well. Therefore, for every b1 P B,
lim
α
xbαb1, pipfqyB,B˚ “ lim
α
xbαb1, fyA,A˚ “ xbb1, fyA,A˚ “ xbb1, pipfqyB,B˚ ;
that is, bαb
1 w˚ÝÝÑ bb1 P B. The assertion that b1bα w˚ÝÝÑ b1b P B is proved similarly. 
Examples 2.8. (1) If Y is a reflexive Banach space, then L pY q is a dual
Banach algebra with a predual L pY q˚ “ Y pbY ˚. In fact, it is well-known (see
Ryan [46, Page 24]) that L pY q “ pY pbY ˚q˚, so it suffices to verify the continuity
requirement. Suppose pTαq is a net in L pY q and that Tα w˚ÝÝÑ T P L pY q. Then
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for all S P L pY q and u “
8ř
i“1
yi b λi P Y pbY ˚, we have
xTαS, uy “ xTαS,
8ÿ
i“1
yi b λiy “
8ÿ
i“1
xTαS, yi b λiy “
8ÿ
i“1
xpTαSqyi, λiy
“
8ÿ
i“1
xTα, Syi b λiy “ xTα,
8ÿ
i“1
Syi b λiy ÝÑ xT,
8ÿ
i“1
Syi b λiy
“
8ÿ
i“1
xT, Syi b λiy “
8ÿ
i“1
xTSyi, λiy “
8ÿ
i“1
xTS, yi b λiy “ xTS, uy.
So TαS
w˚ÝÝÑ TS, and a similar argument shows that STα w˚ÝÝÑ ST .
(2) If A is an Arens regular Banach algebra, then pA˚˚,lq is a dual Banach
algebra with respect to the predual A˚. Suppose pΨαq is a net in A˚˚ and that
Ψα
w˚ÝÝÑ Ψ P A˚˚. By Lemma 1.22, we immediately have ΨαlΦ w˚ÝÝÑ ΨlΦ and
Φ♦Ψα w
˚ÝÝÑ Φ♦Ψ for every Φ P A˚˚. Since A is Arens regular, the products l and
♦ coincide on A˚˚, and we conclude that the multiplication l on A˚˚ is separately
w˚-continuous.
(3) Every von Neumann algebra (i.e., a w˚-closed, unital, ˚-subalgebra of
L pHq, where H is a Hilbert space) is a dual Banach algebra. This follows imme-
diately from Lemma 2.7 and Example 2.8.1.
2.2. Introverted subspaces
Definition 2.9. Let A be a Banach algebra andX Ă A˚ a norm-closed Banach
A-bisubmodule of A˚. For λ P X and Ψ P X˚, we define Ψ ¨ λ P A˚ and λ ¨Ψ P A˚
by
xΨ ¨ λ, ay “ xΨ, λ ¨ ay pa P Aq,
and
xλ ¨Ψ, ay “ xΨ, a ¨ λy pa P Aq.
Definition 2.10. (Introverted subspace) Let A be a Banach algebra and
X Ă A˚ a norm-closed Banach A-bisubmodule of A˚. X is said to be topologically
left introverted if Ψ ¨ λ P X for all Ψ P X˚ and λ P X. X is called topologically
right introverted if λ ¨ Ψ P X for all λ P X and Ψ P X˚. X is called topologically
introverted if it is both left and right introverted.
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The following theorem relates topological introversion to dual Banach algebras.
As the identification pA˚q˚ – A is given by a Banach A-bimodule isomorphism,
the result is immediate.
Theorem 2.11. If A is a dual Banach algebra with respect to a predual A˚,
then A˚ is a topologically introverted subspace of A˚.
The following proposition from Lau–Loy [35, Lemma 1.2] gives us a convenient
method to check if a subspace of A˚ is topologically introverted.
Proposition 2.12. Let A be a Banach algebra and X a norm closed Banach
A-bisubmodule of A˚. Then X is topologically left introverted if and only if the
σpA˚, Aq-closure of BA ¨λ “ ta ¨λ : a P A, }a} ď 1u is a subset of X for all λ P X.
A similar statement holds for topologically right introverted subspaces.
Proof. Suppose that X is left introverted and let λ P X. Given ϕ in the w˚-
closure of BA ¨λ, there is a bounded net paαq in BA with aα ¨λ w˚ÝÝÑ ϕ. Considering
paαq as a bounded net in X˚, we let Φ0 be a w˚-cluster point of paαq in X˚. By
replacing paαq with a subnet if necessary, we may assume without loss of generality
that aα
w˚ÝÝÑ Φ0. Then for all b P A,
xϕ, by “ lim
α
xaα ¨ λ, by “ lim
α
xaα, λ ¨ by “ xΦ0, λ ¨ by “ xΦ0 ¨ λ, by,
so that ϕ “ Φ0 ¨ λ P X.
Conversely, suppose that the w˚-closure of BA ¨ λ lies in X for all λ P X. For
Φ P X˚, let Ψ P A˚˚ be a norm preserving extension of Φ (such an extension exists
by the Hahn-Banach theorem). By Goldstine’s theorem, there is a net paαq in A
with }aα} ď }Φ} and aα w˚ÝÝÑ Ψ P A˚˚. Then for b P A,
xΦ ¨ λ, by “ xΦ, λ ¨ by “ xΨ, λ ¨ by “ lim
α
xaα, λ ¨ by “ lim
α
xaα ¨ λ, by.
Therefore, Φ ¨ λ lies in the w˚-closure of BA ¨ λ and hence in X. Thus X is left
introverted.
The proof for topologically right introverted subspaces of A˚ is similar. 
We will encounter several examples of topologically introverted subspaces of
A˚ in the following chapters.
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2.3. Representations of the dual of introverted subspaces
Definition 2.13. Let pi : A ÝÑ L pY q be a continuous [anti-]representation
of a Banach algebra A on a dual Banach space Y with a predual Y˚. Let X be a
norm closed subspace of A˚. We call pi subordinate to X if piy,λ P X for all y P Y
and λ P Y˚
Remark 2.14. In our definition of subordination, our choice of the coordinate
functions piy,λ, with λ in Y˚ rather than in Y ˚, is motivated by the important role
played by the w˚-topology σpY, Y˚q for dual Banach spaces Y in our work below.
In fact, by Lemma 2.3, we have pY,w˚q˚ “ Y˚, so the elements of Y˚ are precisely
the w˚-continuous functionals on Y . For this reason, our notion of subordination
may also be called w˚-subordination.
The following lemma collects several useful properties of coordinate functions.
First, we recall the following definition.
Definition 2.15. Let E,F and G be normed spaces. A map T : EˆF ÝÑ G
ia called a bilinear map if
T px1 ` αx2, yq “ T px1, yq ` αT px2, yq
and
T px, y1 ` αy2q “ T px, y1q ` αT px, y2q
for all x1, x2 P E, y1, y2 P F and α P C. A bilinear map is said to be continuous if
there exists C ą 0 such }T px, yq} ď C}x}}y} for all x P E and y P F .
Lemma 2.16. Let A be a Banach algebra, Y be a Banach space, and pi : A ÝÑ
L pY q be a continuous representation of A on Y . Then for all a P A, y P Y , and
λ P Y ˚, we have
(i) a¨ piy,λ “ pipipaqy,λ.
(ii) piy,λ¨ a “ piy,pipaq˚λ.
(iii) The map Y ˆ Y ˚ ÝÑ A, py, λq ÞÑ piy,λ is bilinear.
(iv) }piy,λ} ď }pi}}y}}λ}, and hence the bounded linear map Y pbY ˚ ÝÑ A˚ with
y b λ ÞÑ piy,λ has a norm bounded by }pi}.
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Remark 2.17. Parts (i)-(iii) of the lemma hold for py, λq P Y ˆ Y˚ if A and Y
are dual spaces and pi is w˚-continuous (see Definition 1.28).
Proof. (i) For every b P A,
xa¨ piy,λ, by “ xpiy,λ, bay “ xpipbaqy, λy “ xpipbqppipaqyq, λy “ xpipipaqy,λ, by.
(ii) For every b P A,
xpiy,λ¨ a, by “ xpiy,λ, aby “ xpipabqy, λy “ xpipaqppipbqyq, λy
“ xpipbqy, pipaq˚λy “ xpiy,pipaq˚λ, by.
(iii) For a P A, y1, y2 P Y , and scalars α, β P C,
xpiαy1`βy2,λ, ay “ xpipaqpαy1 ` βy2q, λy
“ xαpipaqy1 ` βpipaqy2, λy
“ αxpipaqy1, λy ` βxpipaqy2, λy
“ αxpiy1,λ, ay ` βxpiy2,λ, ay
“ xαpiy1,λ ` βpiy2,λ, ay,
so
piαy1`βy2,λ “ αpiy1,λ ` βpiy2,λ.
Similarly, for a P A, λ1, λ2 P Y ˚, and scalars α, β P C,
xpiy,αλ1`βλ2 , ay “ xpipaqy, αλ1 ` βλ2y
“ αxpipaqy, λ1y ` βxpipaqy, λ2y
“ αxpiy,λ1 , ay ` βxpiy,λ2 , ay
“ xαpiy,λ1 ` βpiy,λ2 , ay,
so
piy,αλ1`βλ2 “ αpiy,λ1 ` βpiy,λ2 .
(iv) This follows from the statements in the proof of Lemma 1.31. 
Next, we present the main result of this chapter.
2.3. REPRESENTATIONS OF THE DUAL OF INTROVERTED SUBSPACES 22
Theorem 2.18. Let A be a Banach Algebra, X a topologically left (or right)
introverted subspace of A˚, Y a reflexive Banach space, and pi : A ÝÑ L pY q a
continuous representation subordinate to X.
(i) The map
p˜i : X˚ ÝÑ L pY q, xp˜ipΨqy, λy “ xΨ, piy,λy,
in which Ψ P X˚, y P Y , and λ P Y ˚, is a normal representation of X˚
on Y . The image of p˜i is contained in the w˚-closure of the image of pi,
and for every a P A, p˜ip 9aq “ pipaq, where 9a is the canonical image of a in
X˚.
(ii) The map pi ÞÑ p˜i is a bijection between the set of all (equivalence classes
of) norm continuous representations of A on Y which are subordinate
to X and the set of all (equivalence classes of) normal representations
of X˚ on Y . Moreover, p˜i is topologically irreducible if and only if pi is
topologically irreducible.
Proof. (i) First, we show that p˜ipΨq P L pY q for all Ψ P X˚.
In fact, p˜ipΨqy has a well defined action on elements of Y ˚ given by
xp˜ipΨqy, λyY ˚˚,Y ˚ “ xΨ, piy,λyX˚,X .
The linearity and continuity of this action follow directly from parts (iii) and (iv)
of Lemma 2.16. Therefore, p˜ipΨqy P Y ˚˚ “ Y . Moreover, for all y P Y ,
xp˜ipΨqpαy1 ` βy2q, λy “ xΨ, piαy1`βy2,λy “ xΨ, αpiy1,λ ` βpiy2,λy
“ αxΨ, piy1,λy ` βxΨ, piy2,λy “ αxp˜ipΨqy1, λy ` βxp˜ipΨqy2, λy,
where for the second equality, we used the linearity of piy,λ in y, proved in part
(iii) of Lemma (2.16). Hence, p˜ipΨq : Y ÝÑ Y is linear and }p˜ipΨq} ď }pi}}Ψ} (see
Lemma 2.16(iv)). This completes the verification that p˜ipΨq P L pY q.
To prove that p˜i is a representation, we first observe that
xp˜ipαΨ1 ` βΨ2qy, λy “ xαΨ1 ` βΨ2, piy,λy “ αxΨ1, piy,λy ` βxΨ2, piy,λy
“ αxp˜ipΨ1qy, λy ` βxp˜ipΨ2qy, λy,
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which proves that p˜i is linear. Thus p˜i : X˚ ÝÑ L pY q is linear and continuous
satisfying }p˜i} ď }pi}.
Next we must verify that p˜i is a homomorphism. Assuming X is topologically
left introverted in A˚, we have
Ψ¨ piy,λ “ pip˜ipΨqy,λ py P Y, λ P Y ˚,Ψ P X˚q. (2)
In fact, for every a P A,
xΨ¨ piy,λ, ay “ xΨ, piy,λ¨ ay “ xΨ, piy,pipaq˚λy “ xp˜ipΨqy, pipaq˚λy
“ xpipaqpp˜ipΨqyq, λy “ xpip˜ipΨqy,λ, ay,
where for the second equality we have used Lemma 2.16(ii). Therefore, for all
Ψ1,Ψ2 P X˚, y P Y , and λ P Y ˚, we can write
xp˜ipΨ1lΨ2qy, λy “ xΨ1lΨ2, piy,λy “ xΨ1,Ψ2¨ piy,λy
“ xΨ1, pip˜ipΨ2qy,λy “ xp˜ipΨ1qp˜ipΨ2qy, λy,
which proves that p˜ipΨ1lΨ2q “ p˜ipΨ1qp˜ipΨ2q.
Now, if we assume instead that X is topologically right introverted, then we
have
piy,λ¨Ψ “ piy,p˜ipΨq˚λ py P Y, λ P Y ˚,Ψ P X˚q. (3)
In fact, for every a P A,
xpiy,λ¨Ψ, ay “ xΨ, a¨ piy,λy “ xΨ, pipipaqy,λy “ xp˜ipΨqppipaqyq, λy
“ xpipaqy, p˜ipΨq˚λy “ xpiy,p˜ipΨq˚λ, ay,
where for the second equality we have used Lemma 2.16(i). Therefore, for all
Ψ1,Ψ2 P X˚, y P Y , and λ P Y ˚, we can write
xp˜ipΨ1♦Ψ2qy, λy “ xΨ1♦Ψ2, piy,λy “ xΨ2, piy,λ ¨Ψ1y
“ xΨ2, piy,p˜ipΨ1q˚λy “ xp˜ipΨ2qy, p˜ipΨ1q˚ ¨ λy
“ xp˜ipΨ1qp˜ipΨ2qy, λy,
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which proves that p˜ipΨ1♦Ψ2q “ p˜ipΨ1qp˜ipΨ2q. Thus we have shown that p˜i is a
homomorphism whenever X is topologically left (or right) introverted in A˚.
To show that p˜i is normal, we first observe that by Lemma 2.16 (iii) and (iv),
the bounded linear map T : Y pbY ˚ ÝÑ X associated with the bilinear map
Y ˆ Y ˚ ÝÑ X, py, λq ÞÑ piy,λ
satisfies T py b λq “ piy,λ. The adjoint operator T ˚ : X˚ ÝÑ pY pbY ˚q˚ – L pY q is
given by
xT ˚pΨq, y b λy “ xΨ, T py b λqy “ xΨ, piy,λy py P Y, λ P Y ˚q.
Thus p˜i “ T ˚. This equality immediately implies the normality of p˜i (since T ˚ is
both norm and w˚-continuous).
Next, we note that for a P A, 9a P X˚ is given by 9a “ aˆ|X . Thus for y P Y and
λ P Y ˚, we have
xp˜ip 9aqy, λy “ xaˆ, piy,λy “ xpipaqy, λy,
proving that p˜ip 9aq “ pipaq for every a P A.
We can now show that p˜ipX˚q Ă pipAqw˚ . Let Φ P X˚. By Corollary 1.13, there
exists a net paαq in A such that 9aα w˚ÝÝÑ Φ. The w˚-continuity of p˜i implies that
pipaαq “ p˜ip 9aαq w˚ÝÝÑ p˜ipΦq. Hence p˜ipΦq P pipAqw
˚
.
(ii) To prove injectivity of pi ÞÑ p˜i, suppose that p˜i1 “ p˜i2. This implies that
p˜i1pΨq “ p˜i2pΨq for all Ψ P X˚. In particular, p˜i1p 9aq “ p˜i2p 9aq, and thus pi1paq “ pi2paq
for all a P A. So pi1 “ pi2, proving that pi ÞÑ p˜i is injective.
Turning to surjectivity, let σ : X˚ ÝÑ L pY q be a normal representation. Let
the map τ : A ÝÑ X˚ be defined by τpaq “ 9a “ aˆ|X , and let pi “ σ ˝ τ . Then
pi : A ÝÑ L pY q is a continuous homomorphism as both σ and τ are continuous
homomorphisms. We show below that pi is subordinate to X and that p˜i “ σ.
Since σ : X˚ ÝÑ L pY q “ pY pbY ˚q˚ is normal, σ “ T ˚ for some bounded
linear map T : Y pbY ˚ ÝÑ X. Thus for y P Y, λ P Y ˚ and a P A, we have
xpiy,λ, ay “ xpipaq, y b λy “ xσp 9aq, y b λy “ x 9a, T py b λqy “ xT py b λq, ay.
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That is, piy,λ “ T pybλq P X for all y P Y and λ P Y ˚. Therefore, pi is subordinate
to X.
Also, since 9A is w˚-dense in X˚ (by Corollary 1.13) and p˜ip 9aq “ pipaq “ σp 9aq for
all a P A, we obtain from the w˚-continuity of p˜i and σ that p˜i “ σ. This completes
the proof that pi ÞÑ p˜i is surjective.
Next, we will show that pi1 – pi2 ðñ p˜i1 – p˜i2.
Suppose pi1 – pi2. Then there exists an isomorphism V : Y1 ÝÑ Y2 such that
V pi1paqV ´1 “ pi2paq for all a P A. Since p˜ip 9aq “ pipaq for every a P A, we may
substitute p˜ip 9aq for pipaq in the above to get V p˜i1p 9aqV ´1 “ p˜i2p 9aq for all a P A.
Therefore, p˜i1| 9A – p˜i2| 9A. To verify the equivalence on the whole of X˚, let Ψ P X˚.
By Corollary 1.13, there exists a net p 9aαq in X˚ such that 9aα w˚ÝÝÑ Ψ. Since p˜ij is
w˚-continuous, we have p˜ijp 9aαq w˚ÝÝÑ p˜ijpΨq. Therefore, for all yj P Yj and λj P Yj˚ ,
j “ 1, 2, we have
xp˜ijp 9aαqyj, λjy “ xp˜ijp 9aαq, yj b λjy ÝÑ xp˜ijpΨq, yj b λjy “ xp˜ijpΨqyj, λjy.
Now, for all y2 P Y2 and λ2 P Y2˚ , we have
xV p˜i1pΨqV ´1y2, λ2y “ xp˜i1pΨqpV ´1y2q, pV ˚λ2qy “ lim
α
xp˜i1p 9aαqpV ´1y2q, pV ˚λ2qy
“ lim
α
xV p˜i1p 9aαqV ´1y2, λ2y “ lim
α
xp˜i2p 9aαqy2, λ2y
“ lim
α
xp˜i2p 9aαq, y2 b λ2y “ xp˜i2pΨq, y2 b λ2y “ xp˜i2pΨqy2, λ2y.
So V p˜i1pΨqV ´1 “ p˜i2pΨq for all Ψ P X˚ and hence p˜i1 – p˜i2.
Conversely, if p˜i1 – p˜i2, then there exists an isomorphism V : Y1 ÝÑ Y2 such
that V p˜i1pΨqV ´1 “ p˜i2pΨq for all Ψ P X˚. In particular, V p˜i1p 9aqV ´1 “ p˜i2p 9aq for
all 9a P X˚. Since p˜ip 9aq “ pipaq for every a P A, we have V pi1paqV ´1 “ pi2paq for all
a P A, so pi1 – pi2.
Finally, we show that p˜i topologically irreducible if and only if pi is topologically
irreducible.
Suppose there exists t0u ‰ M Ĺ Y such that pipaqy P M for all a P A and
y P M . Then since pipaq “ p˜ip 9aq, we immediately have p˜ip 9aqy P M for all y P M
and a P A. If Ψ P X˚ is an arbitrary element, then by Corollary 1.13, there
is a net paαq in A such that 9aα w˚ÝÝÑ Ψ. Since p˜i is normal, this implies that
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p˜ip 9aqy wÝÑ p˜ipΨqy for all y P Y , where the convergence is in the weak topology of Y .
So p˜ipΨqy PMσpY,Y ˚q “M (since M is a norm, and hence weakly, closed subspace
of Y ). So M is a nontrivial invariant subspace for p˜i.
Conversely, suppose there exists t0u ‰ M Ĺ Y such that p˜ipΨqy P M for all
Ψ P X˚ and y P M . Then since p˜ip 9aq “ pipaq for all a P A, we have pipaqy P M for
all y PM and a P A. Thus M is a nontrivial invariant subspace for pi. 
Remark 2.19. For the corresponding representations pi and rpi, we have the
following commutative diagram:
A˚˚
pi˚˚- pY pbY ˚q˚˚˚ P- pY pbY ˚q˚ – L pY q
A
pi
-
ι
ﬀ
X˚
σ
?
rpi
-
Q
-
where ι : A ÝÑ A˚˚ is the canonical embedding, P and Q are the canonical
projections, and σ : A ÝÑ X˚ is the map a ÞÑ 9a “ aˆ|X “ Qpιpaqq.
CHAPTER 3
[Weakly] Almost Periodic Functionals
3.1. Definition and examples
In this chapter we introduce [weakly] almost periodic functionals. For a given
Banach algebra A, these functionals belong to A˚. The development of [weakly]
almost periodic functionals was motivated by [weakly] almost periodic functions,
which we define first.
Let G be a locally compact group and C bpGq denote the space of all bounded
continuous functions on G. Recall that for f P C bpGq and s P G, the [right] left
translation of f by s is defined by
rfsptq “ fptsqs sfptq “ fpstq pt P Gq,
and the [right] left orbit of f P C bpGq is given by
rROpfq “ tfs : s P Gus LOpfq “ tsf : s P Gu.
Definition 3.1. A function f P C bpGq is almost periodic on G if LOpfq is
relatively compact in the norm topology of C bpGq. A function f P C bpGq is weakly
almost periodic on G if LOpfq is relatively compact in the w-topology of C bpGq.
The spaces of all almost periodic and weakly almost periodic functions on G are
denoted AP pGq and WAP pGq, respectively.
Both AP pGq and WAP pGq are closed subspaces of C bpGq. It is well known
that the left orbit LOpfq can be replaced with ROpfq in the definition 3.1. We
refer the reader to Burckel [2] and Dales–Lau [6] for details about these spaces
and their properties.
Let A be a Banach algebra. The A-bimodule structure of A˚ (see Lemma
1.21.i) gives rise to analogous subspaces of A˚.
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Definition 3.2. Let A be a Banach algebra. Then λ P A˚ is [weakly] almost
periodic if the set tλ ¨ a : a P A, }a} ď 1u is relatively [weakly] compact in A˚.
Remarks 3.3. (1) As will be shown below, the condition in the definition
above is equivalent to ta ¨ λ : a P A, }a} ď 1u being relatively [weakly] compact in
A˚. Both versions of the definition are used in the literature.
(2) If λ P A˚, we may define
Lλ : AÑ A˚ by Lλpaq “ λ ¨ a pa P Aq. (4)
Since Lλ P L pA,A˚q, by Conway [4, Definitions VI.3.1 and VI.5.1], an equivalent
condition for λ being [weakly] almost periodic is that Lλ is a [weakly] compact
operator. If we similarly define
Rλ : AÑ A˚ by Rλpaq “ a ¨ λ pa P Aq, (5)
then Rλ P L pA,A˚q, and λ is [weakly] almost periodic if and only if Rλ is a
[weakly] compact operator. These are also frequently used in the literature to
define [weakly] almost periodic functionals (for example, see Palmer [40, page
60]).
3.2. The spaces wappAq and appAq
The space of all [weakly] almost periodic functionals on A is denoted by
rwappAq s appAq. As a consequence of Megginson [37, Corollaries 3.4.9 and 3.5.10,
and Propositions 3.4.10 and 3.5.11], both appAq and wappAq are norm closed Ba-
nach A-bisubmodules of A˚. Since every compact operator in L pA,A˚q is weakly
compact (see Megginson [37, Proposition 3.5.2]), it follows that appAq Ă wappAq.
In fact, as shown below, the spaces appAq and wappAq are topologically introverted
subspaces of A˚.
Proposition 3.4. Let A be a Banach algebra, and let X be a norm closed Ba-
nach A-bisubmodule of A˚ with X Ă wappAq. Then X is topologically introverted.
Proof. Let λ P X and let S denote the σpA˚, A˚˚q-closure of
BA ¨ λ “ ta ¨ λ : a P A, }a} ď 1u.
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By Mazur’s theorem, S is the norm closure of BA ¨ λ. Since X is a norm closed
Banach A-bisubmodule of A˚, we have S Ă X. Moreover, since S is compact in
the w-topology, and since the w˚-topology is weaker than the w-topology, S is
compact, and in particular closed, in the w˚-topology. Thus the σpA˚, Aq-closure
of BA ¨ λ is a subset of S and hence a subset of X. Therefore, by Proposition
2.12, X is topologically left introverted. A similar argument proves that X is
topologically right introverted. Therefore, X is topologically introverted. 
Corollary 3.5. Let A be a Banach algebra. The spaces appAq and wappAq
are topologically introverted subspaces of A˚.
We end this section by presenting an example of a Banach algebra A, in which
the space rwappAqs appAq coincides with the space rWAP pGqs AP pGq for a locally
compact group G. Recall that if g is any function on a locally compact group G,
then the functions gˇ and g˚ on G are defined by gˇpxq “ gpx´1q and g˚pxq “ Ğfpx´1q
∆pxq ,
where ∆ is the modular function of G (see Folland [21, Section 2.4]). Moreover,
if F is a collection of functions on G, then Fq“ tfˇ : f P F u.
Proposition 3.6. Let G be a locally compact group and L1pGq be the group
algebra of G (see Example 1.17 for definition). Let L8pGq (as the dual of L1pGq)
be equipped with its canonical Banach L1pGq-bimodule structure.
(i) For all k P L1pGq and f P L8pGq, f ¨ k “ k˚ ˚ f P L1pGq ˚ L8pGq and
k ¨ f “ f ˚ kˇ P L8pGq ˚ L1pGqq.
(ii) AP pGq “ appL1pGqq and WAP pGq “ wappL1pGqq.
Before presenting the proof, we recall the following result from Lau [33, Corol-
lary 4.4].
Lemma 3.7. Let G be any locally compact group. If f P L8pGq is such that
tsf : s P Gu is relatively compact in the [weak] norm topology of L8pGq, then the
maps h ÞÑ h ˚ f and h ÞÑ f ˚ hˇ from L1pGq into L8pGq are [weakly] compact linear
operators.
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Proof of proposition. (i) For k, g P L1pGq and f P L8pGq, we have
xf ¨ k, gy “ xf, k ˚ gy “
ż
G
fptqpk ˚ gqptqdt “
ż
G
ż
G
fptq kpsq gps´1tq ds dt
psÑ s´1q “
ż
G
ż
G
fptq kps
´1q
∆psq gpstq ds dt
(Fubini) “
ż
G
ż
G
fptq k˚psq gpstq dt ds
ptÑ s´1tq “
ż
G
ż
G
fps´1tq k˚psq gptq dt ds
(Fubini) “
ż
G
ż
G
k˚psq fps´1tq gptq ds dt
“
ż
G
pk˚ ˚ fqptq gptq dt “ xk˚ ˚ f, gy.
Similarly, we have
xk ¨ f, gy “ xf, g ˚ ky “
ż
G
fptqpg ˚ kqptqdt “
ż
G
ż
G
fptq gpsq kps´1tq ds dt
(Fubini) “
ż
G
ż
G
fptq kˇpt´1sq gpsq dt ds
“
ż
G
pf ˚ kˇqpsq gpsq ds
“ xf ˚ kˇ, gy.
(ii) The full proof of this statement is given in U¨lger [50]. We note that the
inclusions AP pGq Ă appL1pGqq and WAP pGq Ă wappL1pGqq follow directly from
Lemma 3.7, using the identity k ¨ f “ f ˚ kˇ proved above and the respective
definitions of AP pGq, WAP pGq, appL1pGqq, and wappL1pGqq. 
3.3. Some classical results regarding wappAq
Here we present some of the classical results involving weakly almost periodic
functionals. Our first result is particularly interesting.
Proposition 3.8. Let A be a Banach algebra. Then λ P A˚ is weakly almost
periodic if and only if xΨlΦ, λy “ xΨ♦Φ, λy for all Ψ,Φ P A˚˚.
Before proceeding to the proof of this proposition, we recall the following result
on weakly compact operators.
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Theorem 3.9. Let T P L pX, Y q. Then the following are equivalent:
(1) T is weakly compact;
(2) T ˚˚pX˚˚q Ă pY , where pY denotes the canonical image of Y in Y ˚˚;
(3) T ˚ is continuous with respect to the w˚ topology on Y ˚ and the w-topology
on X˚.
For the proof, see Dunford-Schwartz [16, Theorem VI.4.2 and Lemma VI.4.7]).
We may now prove Proposition 3.8.
Proof. Let λ P A˚ and let Lλ P L pA,A˚q be defined as in Remark 3.3. Note
the following properties of the first and second adjoints of Lλ. For all Ψ,Φ P A˚˚,
we have
L˚λpΨq “ Ψ ¨ λ (6)
and
xL˚˚λ pΨq,Φy “ xΨlΦ, λy.
In fact, for a P A,
xL˚λpΨq, ay “ xΨ, Lλpaqy “ xΨ, λ ¨ ay “ xΨ ¨ λ, ay,
and hence,
xL˚˚λ pΨq,Φy “ xΨ, L˚λpΦqy “ xΨ,Φ ¨ λy “ xΨlΦ, λy.
Therefore, if xΨlΦ, λy “ xΨ♦Φ, λy for all Ψ,Φ P A˚˚, then
xL˚˚λ pΨq,Φy “ xΨlΦ, λy “ xΨ♦Φ, λy “ xΦ, λ ¨Ψy;
that is, L˚˚λ pΨq “ λ ¨Ψ P xA˚, proving that L˚˚λ pA˚˚q Ă xA˚ and hence Lλ is weakly
compact by Theorem 3.9, i.e., λ P wappAq.
Conversely, suppose that λ is weakly almost periodic. Then Lλ˚ is w
˚-w con-
tinuous by Theorem 3.9. So if pΨαq is a net in A˚˚ and Ψα w˚ÝÝÑ Ψ P A˚˚, then
Lλ˚pΨαq wÝÑ Lλ˚pΨq. Therefore, for all Φ P A˚˚, we have
xΦlΨα, λy “ xΦ,Ψα ¨ λy “ xΦ, L˚λpΨαqy ÝÑ xΦ, L˚λpΨqy “ xΦ,Ψ ¨ λy “ xΦlΨ, λy.
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Therefore, letting Φ P A˚˚ be arbitrary and paαq Ă A be such that aα w˚ÝÝÑ Φ, we
have
xΨlΦ, λy “ lim
α
xΨlaα, λy “ lim
α
xΨ♦aα, λy “ lim
α
xaα, λ¨Ψy “ xΦ, λ¨Ψy “ xΨ♦Φ, λy,
where we use Lemma 1.22 for the second equality. 
Remark 3.10. An immediate consequence of the above proposition is that
A is Arens regular if and only if A˚ “ wappAq. In particular, since every C˚-
algebra is Arens regular (see Dales [5, Corollary 3.2.37]), it follows that the duals
of C˚-algebras consist entirely of weakly almost periodic functionals.
We will now show that when considering whether a functional λ is weakly
almost periodic (i.e., Lλ is weakly compact), it is equivalent to considering the
weak compactness of Rλ. A similar result will be presented for almost periodic
functionals in Theorem 3.18 below.
Theorem 3.11. λ P A˚ is weakly almost periodic if and only if Rλ : A ÝÑ A˚ is
weakly compact (equivalently, ta ¨ λ : a P A, }a} ď 1u is relatively weakly compact).
Proof. As in the proof of the previous result, we will start by observing that
the first and second adjoints of Rλ are given by
R˚λpΨq “ λ ¨Ψ (7)
and
xR˚˚λ pΨq,Φy “ xΦ♦Ψ, λy.
In fact, for a P A,
xR˚λpΨq, ay “ xΨ, Rλpaqy “ xΨ, a ¨ λy “ xλ ¨Ψ, ay,
and for Φ P A˚˚,
xR˚˚λ pΨq,Φy “ xΨ, R˚λpΦqy “ xΨ, λ ¨ Φy “ xΦ♦Ψ, λy.
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If λ P wappAq, then by Proposition 3.8, we have xΨlΦ, λy “ xΨ♦Φ, λy for all
Ψ,Φ P A˚˚ and hence
xR˚˚λ pΨq,Φy “ xΦ♦Ψ, λy “ xΦlΨ, λy “ xΦ,Ψ ¨ λy,
implying that R˚˚λ pΨq “ Ψ ¨λ P xA˚ for all Ψ P A˚˚. Therefore, R˚˚λ pA˚˚q Ă xA˚ and
Rλ is weakly compact by Theorem 3.9.
Conversely, suppose Rλ is weakly compact. Then Rλ˚ is w
˚-w continuous by
Theorem 3.9. So if pΨαq is a net in A˚˚ and Ψα w˚ÝÝÑ Ψ P A˚˚, then Rλ˚pΨαq wÝÑ
Rλ˚pΨq. Hence, for all Φ P A˚˚, we have
xΨα♦Φ, λy “ xΦ, λ ¨Ψαy “ xΦ, R˚λpΨαqy ÝÑ xΦ, R˚λpΨqy “ xΦ, λ ¨Ψy “ xΨ♦Φ, λy.
Therefore, letting Φ P A˚˚ be arbitrary and paαq be a net in A such that
aα
w˚ÝÝÑ Φ, we have
xΦ♦Ψ, λy “ lim
α
xaα♦Ψ, λy “ lim
α
xaαlΨ, λy “ lim
α
xaα,Ψ¨λy “ xΦ,Ψ¨λy “ xΦlΨ, λy,
where we use Lemma 1.22 for the second equality. Hence, by Proposition 3.8,
λ P wappAq. 
We may now consolidate the results proven thus far along with some additional
equivalent conditions into the following theorem, which can be found in Palmer
[40, Theorem 1.4.11] and Duncan–Hosseiniun [14].
Theorem 3.12. The following are equivalent for a Banach algebra A.
(a) A is Arens regular.
(b) The map Ψ ÞÑ ΦlΨ is w˚-continuous for all Φ P A˚˚.
(c) The map Φ ÞÑ Φ♦Ψ is w˚-continuous for all Ψ P A˚˚.
(d) The map Lλ is weakly compact for all λ P A˚.
(e) The map Rλ is weakly compact for all λ P A˚.
(f) Given bounded sequences panq, pbnq P A and λ P A˚, we have
lim
n
lim
m
λpanbmq “ lim
m
lim
n
λpanbmq
when both iterated limits exist.
3.3. SOME CLASSICAL RESULTS REGARDING wappAq 34
Proof. The equivalence between (a), (d), and (e) follows from Proposition
3.8 and Theorem 3.11. So, it suffices to prove the other equivalences.
To show that (a) implies (b), suppose A is Arens regular. Let Ψ,Φ P A˚˚ and
suppose pΨαq is a net in A˚˚ such that Ψα w˚ÝÝÑ Ψ. Then for all λ P A˚,
xΦlΨ, λy “ xΦ♦Ψ, λy “ lim
α
xΦ♦Ψα, λy “ lim
α
xΦlΨα, λy.
Hence Ψ ÞÑ ΦlΨ is w˚-continuous for all Φ P A˚˚.
Conversely, suppose Ψ ÞÑ ΦlΨ is w˚-continuous for every Φ P A˚˚. Then,
letting Ψ P A˚˚ be arbitrary and paαq be a net in A such that aα w˚ÝÝÑ Ψ, we have
xΦlΨ, λy “ lim
α
xΦlaα, λy “ lim
α
xΦ♦aα, λy “ lim
α
xaα, λ ¨ Φy
“ xΨ, λ ¨ Φy “ xΦ♦Ψ, λy,
where we use Lemma 1.22 for the second equality. Since this holds for all Φ,Ψ P
A˚˚ and λ P A˚, we have shown that A is Arens regular. This completes the proof
that (a) and (b) are equivalent.
Next, we show that (a) implies (c). Suppose A is Arens regular. Let Ψ,Φ P A˚˚
and suppose pΦαq is a net in A˚˚ such that Φα w˚ÝÝÑ Φ. Then for all λ P A˚,
xΦ♦Ψ, λy “ xΦlΨ, λy “ lim
α
xΦαlΨ, λy “ lim
α
xΦα♦Ψ, λy.
Hence Φ ÞÑ Φ♦Ψ is w˚-continuous for all Ψ P A˚˚.
Conversely, suppose Φ ÞÑ Φ♦Ψ is w˚-continuous for every Ψ P A˚˚. Letting
Ψ P A˚˚ be arbitrary and paαq be a net in A such that aα w˚ÝÝÑ Φ, we have
xΦ♦Ψ, λy “ lim
α
xaα♦Ψ, λy “ lim
α
xaαlΨ, λy “ lim
α
xaα,Ψ ¨ λy
“ xΦ,Ψ ¨ λy “ xΦlΨ, λy.
Since this holds for all Φ,Ψ P A˚˚ and λ P A˚, it follows that A is Arens regular.
Thus we have shown that (a) and (c) are equivalent.
Finally, the equivalence of (d) and (f) is a direct application of Grothendieck’s
criterion (Proposition 1.11) to the set tλ ¨ a : a P A, }a} ď 1u. 
Next, we present here the classical theorem of Young [51, Theorem 1].
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Theorem 3.13. A normed algebra A has a faithful continuous representation
on some reflexive Banach space Y if and only if the weakly almost periodic func-
tionals of unit norm on A separate the points of A.
Before presenting the proof, we will state the following result from the same
paper by Young [51, Corollary to Lemma 1].
Lemma 3.14. Let A and B be Banach algebras and let φ : A ÝÑ B be a
continuous homomorphism. If λ P wappBq, then φ˚pλq P wappAq.
Proof of Theorem 3.13. Let φ : A ÝÑ L pY q be a continuous injective
homomorphism, where Y is a reflexive Banach space. For y P Y and ω P Y ˚,
under the identification
Y pbY ˚ Ď pY pbY ˚q˚˚ – L pY q˚,
y b ω can be considered as a continuous linear functional on L pY q given by
xy b ω, T y “ xTy, ωy pT P L pY qq
satisfying }y b ω} ď }y}}ω}. We will show that y b ω P wappL pY qq. First note
that for all y P Y , ω P Y ˚ and T P L pY q,
py b ωq ¨ T “ y b T ˚ω.
In fact, for all S P L pY q,
xpy b ωq ¨ T, Sy :“ xpy b ωq, TSy “ xω, pTSqyy “ xω, T pSyqy
“ xT ˚ω, Syy “ xy b T ˚ω, Sy.
Hence, to prove that ybω P wappL pY qq, it suffices to show that tybω : ω P B˚u
is relatively weakly compact in L pY q˚ for all bounded subsets B˚ Ă Y ˚.
Note that the map ω ÞÑ y b ω, Y ˚ ÝÑ L pY q˚ is w-w-continuous since it is
norm continuous (see Megginson [37, Theorem 2.5.11]). Moreover, any bounded
subset B˚ Ă Y ˚ is relatively w˚-compact in Y ˚ by Alaoglu’s theorem. Since the w
and w˚ topologies agree on the reflexive space Y ˚, the image y b B˚ of B˚ under
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the w-w-continuous operator ω ÞÑ y b ω is also relatively w-compact in L pY q˚.
We conclude that y b ω P wappL pY qq for all y P Y and ω P Y ˚.
Now, it follows from Lemma 3.14 that φ˚py b ωq P wappAq for all y P Y and
ω P Y ˚.
Finally, we verify that the functionals in the set
tφ˚py b ωq : y P Y, ω P Y ˚u
separate the points of A. Suppose that for some a P A, we have xφ˚pybωq, ay “ 0
for all y P Y and ω P Y ˚. Then
xω, φpaqyy “ xy b ω, φpaqy “ xφ˚py b ωq, ay “ 0
for all y P Y and ω P Y ˚. It follows from the Hahn-Banach theorem that φpaqy “ 0
for all y P Y , which implies that φpaq “ 0. Since φ is injective, this implies that
a “ 0, completing the proof.
For the proof of the converse, we refer to Young [51, Page 118]. 
Our next result is implicit in the proof of Theorem 3.13. We give an explicit
proof for completeness.
Theorem 3.15. Let A be a Banach algebra, Y a reflexive Banach space, and
pi : A ÝÑ L pY q a continuous representation of A. Then pi is subordinate to
wappAq.
Proof. We must show that for all y P Y and λ P Y˚ “ Y ˚, the map
A ÝÑ A˚, a ÞÑ a ¨ piy,λ “ pipipaqy,λ
is weakly compact. Since pi is continuous with respect to the norm topology of
L pY q, there is an M ą 0 such that }pipaq} ď M if }a} ď 1. If paαq is a net
in the closed unit ball of A, then by the WOT -compactness of closed bounded
sets in L pY q, there exists a subnet paβq of paαq and an operator T P L pY q such
that pipaβq WOTÝÝÝÑ T . To complete the proof, it remains to show that aβ ¨ piy,λ “
pipipaβqy,λ ÝÑ piTy,λ in the weak topology σpA˚, A˚˚q.
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Indeed, if Φ P A˚˚, using the representation p˜i : A˚˚ ÝÑ L pY q given in
Theorem 2.18, we have
lim
β
xΦ, pipipaβqy,λyA˚˚,A˚ “ lim
β
xrpipΦqppipaβqyq, λyY,Y ˚
“ lim
β
xrpipΦq˚λ, pipaβqyyY ˚,Y
ppipaβq WOTÝÝÝÑ T q “ xrpipΦq˚λ, TyyY ˚,Y
“ xλ, rpipΦqpTyqyY ˚,Y
“ xrpipΦqpTyq, λyY,Y ˚
“ xΦ, piTy,λyA˚˚,A˚ .
This shows that aβ ¨ piy,λ wÝÑ piTy,λ. 
3.4. Some classical results regarding appAq
Our next theorem from Duncan–Hosseiniun [14] provides an appAq analogue of
Theorem 3.12. Before stating the theorem and its proof however, we must present
some introductory materials regarding continuity and compactness of operators.
Definition 3.16. Let A be a Banach algebra. A map
Υ : A˚˚ ˆ A˚˚ ÝÑ A˚˚
is called bounded jointly w˚-continuous if whenever pΨαq and pΦβq are two bounded
nets in A˚˚ such that Ψα
w˚ÝÝÑ Ψ and Φβ w˚ÝÝÑ Φ, then Υ pΨα,Φβq w˚ÝÝÑ Υ pΨ,Φq.
Theorem 3.17. Let X, Y be Banach spaces and T P L pX, Y q. Then the
following are equivalent:
(1) T is compact;
(2) T ˚ is compact;
(3) T ˚ maps bounded w˚-convergent nets in Y ˚ to norm-convergent nets in
X˚.
The proof of Theorem 3.17 can be found in Dunford–Schwartz [16, Theorems
VI.5.2 and VI.5.6]).
Theorem 3.18. The following are equivalent for a Banach algebra A.
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(a) The map Lλ is compact for all λ P A˚.
(b) The map Rλ is compact for all λ P A˚.
(c) The map Ψ ÞÑ Ψ ¨ λ is compact for all λ P A˚.
(d) The map Φ ÞÑ λ ¨ Φ is compact for all λ P A˚.
(e) The map pΨ,Φq ÞÑ ΨlΦ is bounded jointly w˚-continuous.
(f) The map pΨ,Φq ÞÑ Ψ♦Φ is bounded jointly w˚-continuous.
Proof. The equivalences (a)ô(c) and (b)ô(d) follow from the properties
of Lλ and Rλ given in (6) and (7) in Section 3.3 as well as the compactness
equivalences in Theorem 3.17.
To show (a) implies (e), suppose (a) holds and let pΨαq and pΦβq be bounded
nets in A˚˚ which are w˚-convergent to Ψ and Φ, respectively. Then for all λ P A˚,
we have }Φβ ¨ λ´ Φ ¨ λ} Ñ 0 by Theorem 3.17. Moreover, since
|xΨαlΦβ, λy ´ xΨlΦ, λy| ď |xΨαlΦβ, λy ´ xΨαlΦ, λy| ` |xΨαlΦ, λy ´ xΨlΦ, λy|
ď }Ψα}}Φβ ¨ λ´ Φ ¨ λ} ` |xΨα,Φ ¨ λy ´ xΨ,Φ ¨ λy| Ñ 0,
it follows that pΨ,Φq ÞÑ ΨlΦ is bounded jointly w˚-continuous.
A similar argument shows that (b) implies (f).
Now, we show that (e) implies (a). Suppose condition (e) holds and let pΨαq be
a bounded net in A˚˚ with Ψα
w˚ÝÝÑ Ψ. We claim that }Ψα ¨λ´Ψ ¨λ} Ñ 0, proving
that Lλ is compact for every λ P A˚ by Theorem 3.17 above. In fact, if our claim
does not hold, then there exist δ ą 0, a subnet pΨβq of pΨαq, and a corresponding
net paβq in BA such that
|xΨβ ¨ λ, aβy ´ xΨ ¨ λ, aβy| ě δ
2
,
that is,
|xaˆβlΨβ, λy ´ xaˆβlΨ, λy| ě δ
2
. (8)
The w˚-compactness of the unit ball in A˚˚ guarantees that paβq has a w˚-cluster
point Φ P A˚˚, and condition (e) now implies that ΦlΨ is a w˚-cluster point of
ppaβlΨβq, contradicting (8). The fact that (f) implies (b) can be similarly proved.
Finally, to show the equivalence of (a) and (b), note that for all λ P A˚,
Lλ “ Rλ˚ ˝ ι and Rλ “ Lλ˚ ˝ ι, where ι : A ÝÑ A˚˚ is the canonical embedding.
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Thus, Lλ is compact if and only if Lλ˚ is compact, which implies that Rλ is compact.
Similarly, we have that Rλ is compact implies that Lλ is compact. Therefore, we
have (a) is equivalent to (b). 
We proved in Theorem 3.15 that all continuous representations pi : AÑ L pY q,
of a Banach algebra A on a reflexive Banach space Y , are subordinate to wappAq.
As the theorem below shows, this result can be enhanced if Y is finite dimensional.
The proof, which can be found in Filali–Monfared [19, Lemma 2.3 (ii)], is similar
to the proof of Theorem 3.15, noticing that }piy,λ} ď }pi}}y}}λ} and bounded closed
sets in L pY q are norm compact if Y is finite dimensional.
Theorem 3.19. Every continuous representation,
pi : A ÝÑMnpCq,
is subordinate to appAq.
It is well known (see Galindo [23, Proposition 1.6 (6)]) that for a group G and
function f on G, f P AP pGq if and only if f is the uniform limit of coordinate
functions of unitary representations Vk : G ÝÑ U pHkq “ IspHkq of G on some fi-
nite dimensional Hilbert spaces Hk. The theorem above provides a Banach algebra
analogue for one direction of this result. To date, it is not known if the converse
is true.
Our next result gives us a class of linear functionals which are almost periodic.
We start with a definition.
Definition 3.20. Let A be a Banach algebra. By a character on A we mean
a non-zero multiplicative linear functional ϕ : A ÝÑ C. The set of all characters
of A is called the spectrum of A and is denoted by ΦA.
It is well-known that if ϕ P ΦA, then ϕ P A˚ and }ϕ} ď 1 (see Dales [5,
Theorem 2.1.29 (i)]).
Theorem 3.21. ΦA Ă appAq.
Proof. Let ϕ P ΦA. Then for all a, b P A, we have:
xa ¨ ϕ, by “ xϕ, bay “ ϕpaqxϕ, by.
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Therefore, a ¨ ϕ “ ϕpaqϕ. Similarly, ϕ ¨ a “ ϕpaqϕ. Since }ϕ} ď 1, we have
BA ¨ ϕ Ă ϕ ¨ BA “ Tϕ, where T “ tz P C : |z| ď 1u denotes the unit ball in C.
Now, T is compact and Tϕ is the image of T under the continuous operator
Γ : CÑ A˚, α ÞÑ αϕ.
Therefore, Tϕ is compact and hence Lϕ and Rϕ are compact. 
3.5. Results regarding equalities for appAq and wappAq
Let A be a Banach algebra with a two sided approximate identity peαqαPI .
Define
cLpA˚q “ tλ P A˚ : }λ ¨ eα ´ λ} Ñ 0u, (9)
and
cRpA˚q “ tλ P A˚ : }eα ¨ λ´ λ} Ñ 0u. (10)
Let A˚ ¨ A and A ¨ A˚ denote the sets tλ ¨ a : λ P A˚, a P Au and ta ¨ λ : λ P
A˚, a P Au, respectively. If A has a two sided approximate identity, then A˚ ¨ A
and A ¨ A˚ are closed linear subspaces of A˚.
For λ P A˚ and a P A, let Lλ P L pA,A˚q be defined as in Remark 3.3 and
La P L pAq be the left multiplication operator by a. Similarly, let Rλ P L pA,A˚q
be defined as in Remark 3.3 and Ra P L pAq be the right multiplication operator
by a. We call a P A [weak] left compact if the operator La is [weakly] compact,
and we call a P A [weak] right compact if the operator Ra is [weakly] compact.
We recall the following result regarding the compactness of these operators. The
proof can be found in Palmer [40, Proposition 1.4.13].
Proposition 3.22. The following are equivalent for a Banach algebra A:
(a) ιpAq is a [ left ] right ideal in A˚˚;
(b) rRa s La is weakly compact for all a P A;
(c) r pRaq˚ s pLaq˚ is weakly compact for all a P A.
We further recall that if X and Y are Banach spaces, then the space of [weakly]
compact operators from X into Y is a closed subspace of L pX, Y q by Megginson
[37, Corollaries 3.4.9 and 3.5.10]. Moreover, if X, Y , and Z are Banach spaces,
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and either S P L pX, Y q or T P L pY, Zq is [weakly] compact, then TS is [weakly]
compact (see Megginson [37, Propositions 3.4.10 and 3.5.11]).
We can now present our next theorem, which compares the subsets/subspaces
cLpA˚q, cRpA˚q, A˚ ¨A, A¨A˚, A˚ ¨ A, A ¨ A˚, appAq and wappAq of A˚ for a Banach
algebra A with a two-sided approximate identity.
Theorem 3.23. Let A be a Banach algebra with a two-sided approximate iden-
tity peαqαPI . We have
(i) A˚ ¨ A Ă cLpA˚q Ă A˚ ¨ A, and A ¨ A˚ Ă cRpA˚q Ă A ¨ A˚.
(ii) If A is a right ideal in its second dual A˚˚, then A˚ ¨ A Ă wappAq, and if
A is a left ideal in its second dual A˚˚, then A ¨ A˚ Ă wappAq.
(iii) If A is reflexive, then A˚ ¨ A “ A ¨ A˚ “ A˚.
(iv) If each a P A is left compact, then A˚ ¨ A Ă appAq, and if each a P A is
right compact, then A ¨ A˚ Ă appAq.
Proof. (i) Let a P A and λ P A˚. Since pλ ¨ aq ¨ eα “ λ ¨ paeαq and
}λ ¨ paeαq ´ λ ¨ a} ď }λ}}aeα ´ a} Ñ 0,
we see that the inclusion A˚ ¨ A Ă cLpA˚q holds. The inclusion cLpA˚q Ă A˚ ¨ A
is obvious from the definition of cLpA˚q. Similar arguments prove the other two
inclusions.
(ii) Assume A is a right ideal in its second dual A˚˚. Then Leα is weakly
compact by Proposition 3.22. For all a P A and λ P A˚,
Lλ¨eαpaq “ pλ ¨ eαq ¨ a “ λ ¨ peαaq “ Lλpeαaq “ LλLeαpaq, (11)
therefore, we have Lλ¨eα “ LλLeα , and hence λ ¨ eα is weakly almost periodic.
Moreover, for λ P cLpA˚q, we have
}Lλ¨eα ´ Lλ} ď }λ ¨ eα ´ λ} Ñ 0.
It follows that cLpA˚q Ă wappAq. Since A˚ ¨ A Ă cLpA˚q and wappAq is closed in
A˚, we have A˚ ¨ A Ă wappAq. A similar argument shows that A ¨ A˚ Ă wappAq.
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(iii) Assume that A is reflexive. Then for all λ P A˚ and aˆ P A˚˚,
xλ ¨ eα, aˆy “ xλ, eαaˆy ÝÑ xλ, aˆy.
So λ ¨ eα wÝÑ λ. Hence λ P λ ¨ Aw “ λ ¨ A}¨} Ă A˚ ¨ A}¨}. Therefore, A˚ Ă A˚ ¨ A,
proving that A˚ “ A˚ ¨ A. Similarly, we have A˚ “ A ¨ A˚.
(iv) This assertion holds by a similar argument as given in the proof of (ii). 
Suppose the approximate identity of A is bounded. Then the sets A˚ ¨ A and
A ¨A˚ are norm closed linear subspaces of A˚ by Hewitt–Ross [28, Theorem 32.22],
and we have the following corollary of Theorem 3.23.
Corollary 3.24. Let A be a Banach algebra with a bounded two-sided ap-
proximate identity peαqαPI .
(i) A˚ ¨ A “ cLpA˚q “ A˚ ¨ A, and A ¨ A˚ “ cRpA˚q “ A ¨ A˚.
(ii) If A is a right ideal in its second dual A˚˚, then A˚ ¨ A “ A˚ ¨A “ wappAq
and if A is a left ideal in its second dual, then A ¨ A˚ “ A˚ ¨A “ wappAq.
(iii) If each a P A is left compact (i.e., La is compact), then A˚ ¨A “ cLpA˚q “
appAq, and A ¨ A˚ “ cRpA˚q “ appAq.
Proof. (i) This follows directly from Theorem 3.23(i) and Hewitt–Ross [28,
Theorem 32.22].
(ii) By Theorem 3.23(ii), we have A˚ ¨ A Ă wappAq and A ¨ A˚ Ă wappAq. To
show the reverse inclusion, let λ P wappAq and let Φ0 be a w˚ cluster point of peαq
in A˚˚ (which exists by Alaoglu’s theorem). This is a mixed identity for A˚˚ (i.e.,
a right identity for the first Arens product and a left identity for the second Arens
product) by Palmer [40, Proposition 5.1.8]. Then for all Ψ P A˚˚, we have
lim
α
xλ ¨ eα,ΨyA˚,A˚˚ “ lim
α
xeα,Ψ ¨ λyA˚˚,A˚ “ xΦ0,Ψ ¨ λy
“ xΦ0lΨ, λy “ xΦ0♦Ψ, λy (by Proposition 3.8)
“ xΨ, λyA˚˚,A˚ ,
so that λ ¨ eα wÝÑ λ. This proves that
λ P λ ¨ Aw “ λ ¨ A}¨} Ă A˚ ¨ A}¨} “ A˚ ¨ A.
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Hence wappAq “ A˚ ¨ A “ A˚ ¨ A. A similar argument shows that wappAq “
A ¨ A˚ “ A ¨ A˚.
(iii) This assertion holds by Theorem 3.23 (iv) and a similar argument as given
in the proof of (ii) above. 
Recall that we have shown in Theorem 3.21 that the spectrum ΦA of A is a
subset of appAq.
Lemma 3.25. Assume that ΦA separates the points of A. Let λ P A˚ and let a
be a weakly compact element of A. Then the functionals λ ¨ a and a ¨ λ are almost
periodic.
Proof. We will show that λ ¨ a is in the closed linear span of ΦA (denoted by
span ΦA). Suppose it is not the case. Then by the Hahn-Banach theorem, there
is Ψ P A˚˚ such that xλ ¨ a,Ψy is non-zero but xϕ,Ψy “ 0 for all ϕ in the span of
ΦA. In particular, for all ϕ P ΦA, we have ϕ ¨ a “ ϕpaqϕ P span ΦA, and thus
xϕ ¨ a,Ψy “ xϕ, alΨy “ 0.
Since a is weakly compact, alΨ P A by Proposition 3.22. It follows that alΨ “ 0
as Φ0 separates the points of A, which contradicts the fact that xλ ¨ a,Ψy ‰ 0.
Thus we have shown by contradiction that λ ¨ a P span ΦA. A similar argument
shows that a ¨ λ P span ΦA. 
The main result of this section is the following theorem.
Theorem 3.26. Let A be a Banach algebra with a bounded two-sided approxi-
mate identity peαqαPI . Assume that A is a two-sided ideal in its second dual. Then
the equality span ΦA “ wappAq holds if and only if ΦA separates the points of A.
When this happens we have
span ΦA “ wappAq “ A˚ ¨ A “ A ¨ A˚ “ cLpA˚q “ cRpA˚q “ appAq. (12)
Proof. The equalities
wappAq “ A˚ ¨ A “ A ¨ A˚ “ cLpA˚q “ cRpA˚q
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hold by Corollary 3.24. Moreover, since A is a two-sided ideal in its second dual,
every a P A is weakly compact by Proposition 3.22. Suppose that ΦA separates
the points of A. Then by Lemma 3.25 and Theorem 3.21, we have
A˚ ¨ A Ă spanΦA Ă appAq,
and (12) follows.
Conversely, suppose that (12) holds. Let a P A be such that xϕ, ay “ 0 for
all ϕ P ΦA. Then xλ, ay “ 0 for all λ P wappAq. Since eα is weakly compact,
for all λ P A˚, (11) implies that λ ¨ eα is weakly almost periodic. Therefore,
xλ ¨ eα, ay “ xλ, eαay “ 0. This gives eαa “ 0 for all α P I and hence a “ 0 (i.e.,
ΦA separates the points of A). 
Before our next result, we must present some definitions.
Definition 3.27. Suppose that X and Y are Banach spaces. A linear operator
T from X into Y is completely continuous if T pKq is a compact subset of Y
whenever K is a weakly compact subset of X.
Definition 3.28. A Banach space X has the Dunford-Pettis property (DPP)
if, for every Banach space Y , each weakly compact operator from X into Y is
completely continuous.
Examples 3.29. (1) Let Y be a Banach space. Then each member ofL p`1, Y q
is completely continuous (see Megginson [37, Exercise 3.51]). Therefore, `1 has
the DPP.
(2) The spaces L1pΩ,Σ, µq and C pKq have the DPP, where pΩ,Σ, µq is a finite
measure space and K is a compact Hausdorff space (see Megginson [37, Page 345]).
The next result points out one class of Banach algebras for which the equality
wappAq “ appAq holds.
Theorem 3.30. Let A be a Banach algebra with a bounded two-sided approx-
imate identity peαqαPI . If A has the DPP and is a two-sided ideal in its second
dual, then wappAq “ appAq.
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Proof. By Corollary 3.24, the following equalities hold.
wappAq “ cLpA˚q “ cRpA˚q “ A˚ ¨ A “ A ¨ A˚.
Let λ P wappAq. Note that Lλ¨eαpBAq “ LλpLeαpBAqq. Since Leα is weakly compact
and Lλ is completely continuous (as A has the DPP), Lλ¨eα is compact. Moreover,
since }Lλ¨eα ´ Lλ} ď }λ ¨ eα ´ λ} Ñ 0 (as λ P cLpA˚q), we conclude that λ is in
appAq. Thus wappAq “ appAq. 
In fact, this result holds under weaker conditions. The reader may consult
Duncan–U¨lger [15, Theorem 2.4].
3.6. The space appAq for some classical Banach algebras
In this section we identify the space appAq for some of the classical Banach
algebras. We refer the reader to Duncan–U¨lger [15] for the details and proofs.
We start by presenting the space appAq for the Banach algebras c0 and lp
p1 ď p ă 8q. The multiplication in these spaces are defined coordinatewise.
Proposition 3.31. The following equalities hold.
(i) appc0q “ l1.
(ii) appl1q “ c0.
(iii) applpq “ lq p1 ă p ă 8, p´1 ` q´1 “ 1q.
Next, we let G be a compact group, 1 ă p ă 8, and A “ LppGq with the usual
convolution product.
Proposition 3.32. appLppGqq “ LqpGq, where 1
p
` 1
q
“ 1.
We will require the following definitions for our next result.
Definition 3.33. A sequence pxnq in a Banach space X is a Schauder basis
for X if for any x P X, there is a unique sequence pαnq of scalars such that
x “ řn αnxn.
Definition 3.34. A Banach space X has the approximation property if, for
every Banach space Y , the set of finite-rank operators in L pY,Xq is dense in the
set KpY,Xq of compact operators from Y into X.
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Example 3.35. Every Banach space with a Schauder basis has the approxi-
mation property (see Ryan [46, Example 4.4]). In particular, c0 and all l
p with
1 ď p ă 8 have the approximation property.
Proposition 3.36. Let X be an infinite dimensional Banach space with the
approximation property. Then appKpXqq “ t0u.
Let K be a compact Hausdorff space. We have the well-known identification
C pKq˚ “MpKq, where MpKq is the space of regular complex Borel measures on
K and the duality is given by
xa, µy “
ż
K
aptqdµptq pa P C pKq, µ PMpKqq.
Recalling that |µ| denotes the total variation of the measure µ (see Hewitt–
Stromberg [29, Definition 19.11]), we have the following definition.
Definition 3.37. A measure µ P MpKq is said to be purely discontinuous if
there is a countable subset F of K such that |µ|pF cq “ 0, where F c “ K´F . The
set of all purely discontinuous measures in MpKq is denoted by MdpKq.
Hewitt–Ross [27, Theorem 19.15] show that the set MdpKq is a closed sub-
algebra of MpKq, and the equality MdpKq “ MpKq holds if and only if K is
discrete.
We can now state our final result from this section.
Proposition 3.38. Let K be a compact Hausdorff space. Then appC pKqq “
MdpKq.
CHAPTER 4
Representations of Banach Algebras Subordinate to wappAq
4.1. Compactness and reflexivity
In this section we present some introductory materials which we require for
our main results in the next section. Details can be found in Conway [4] and
Megginson [37].
Definition 4.1. Suppose that W is a subset of a vector space X. Then W is
(i) Convex if tx` p1´ tqy P W whenever x, y P W and 0 ă t ă 1;
(ii) Balanced if αW Ă W whenever |α| ď 1;
(iii) Absorbing if for all x P X, there is a positive number ωx such that x P tW
whenever t ą ωx.
Example 4.2. The unit ball of BX of a Banach space X is clearly convex,
balanced and absorbing.
Definition 4.3. Let W be an absorbing subset of a vector space X. For each
x P X, the gauge functional of W is defined by
pW pxq “ inftt : t ě 0 and x P tW u.
It is well known that if W is both convex and balanced, then the gauge func-
tional pW is a seminorm on X (see Megginson [37, Proposition 1.9.14]). In the
case when X is a Banach space, if W is also bounded, then for n “ 1, 2, . . ., we
define the gauge } ¨ }n of the set Un “ 2nW ` 2´nBX by
}x}n “ inftt ě 0 : x P tUnu.
Lemma 4.4. Let pX, } ¨ }q be a Banach space. For n “ 1, 2, . . ., the gauge } ¨ }n
of Un is a norm on X equivalent to } ¨ }.
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Proof. Fix n P N. Clearly, the set Un “ 2nW ` 2´nBX is convex, balanced
and absorbing. Therefore, }x}n “ inftt ě 0 : x P tUnu is a semi-norm.
If }x}n “ 0, then for all k ą 0, there exists a tk ă 1k such that
x P tkUn “ tk2nW ` tk2´nBX .
Suppose M is a bound of elements in W , i.e., }w} ďM for all w P W . Then
}x} ď tk2nM ` tk2´n “ tkp2nM ` 2´nq kÝÑ8ÝÝÝÝÑ 0.
Thus we have shown that x “ 0 whenever }x}n “ 0. Therefore, } ¨ }n is a norm,
and it remains to show that } ¨ }n is equivalent to } ¨ }.
If x P X, then x P }x}BX . Therefore, x P 2n}x}Un, and hence }x}n ď 2n}x}.
Moreover, if x P tUn, then x “ 2ntw`2´nty, where w P W and y P BX . Therefore,
}x} ď 2ntM ` 2´nt “ tp2nM ` 2´nq. Hence t ě }x}
2nM`2´n implying that
p2nM ` 2´nq´1}x} ď }x}n ď 2n}x}.

With W and } ¨ }n as given above, we define
}x}1 “ p
8ÿ
n“1
}x}2nq1{2 px P Xq
and
Y “ tx P X : }x}1 ă 8u.
We let BY be the closed unit ball of Y and let j : Y ÝÑ X be the natural
embedding. The following result, which shall be needed for Theorem 4.8, is due to
Davis, Figiel, Johnson and Pelczynski [8, Lemma 1]. We provide a detailed proof
below which is based on the proof given by Davis and his co-authors.
Theorem 4.5. (Davis et al) Under the above conditions,
(i) W Ă BY ;
(ii) pY, } ¨ }1q is a Banach space for which we have }j} ď 1;
(iii) j˚˚ : Y ˚˚ ÝÑ X˚˚ is injective and pj˚˚q´1pXq “ pY q;
(iv) Y is reflexive if and only if W is relatively weakly compact.
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Before proving the theorem, we present the following lemma which we will
require.
Lemma 4.6. Suppose that E is a Banach space and F is a closed subspace of
E. Then F ˚ “ E˚{FK, F ˚˚ “ FKK “ Fw˚ Ă E˚˚, and F ˚˚ŞE “ F .
Proof. The first two statements are standard results which can be found, for
example, in Megginson [37, Theorems 1.10.16 and 2.6.26, and Proposition 1.11.14].
We prove that F ˚˚
Ş
E “ F .
If x P F ˚˚ŞE “ FKKŞE, then x|FK “ 0. Therefore, if f P FK, then
fpxq “ 0. Hence by the Hahn-Banach theorem, x P F and we get F ˚˚ŞE Ă F .
The reverse inclusion is immediate since F Ă E and F Ă FKK. 
We can now proceed to the proof of Theorem 4.5.
Proof. (i) If x P W , then }x}n ď 2´n since x P W ` 2´2nBX “ 2´nUn. This
holds for n “ 1, 2 . . ., so
}x}1 ď p
8ÿ
n“1
2´2nq1{2 “ p 2
´2
1´ 2´2 q
1{2 “a1{3 ă 1.
Therefore, x P BY .
(ii) Let Xn “ pX, } ¨ }nq, Z “ `2-‘nXn, and
ϕ : pY, } ¨ }1q ÝÑ Z, y ÞÑ pjpyq, jpyq, . . .q.
Then ϕ is a linear isometric embedding onto its image. In fact, we have
}ϕpyq}Z “ }pjpyq, jpyq, . . .q}Z “ p
8ÿ
n“1
}jpyq}2nq1{2 “ p
8ÿ
n“1
}y}2nq1{2 “ }y}1.
Now,
ϕpY q “ tz “ pxnq P Z : xn “ x for n “ 1, 2, . . .u.
We claim that ϕpY q is a closed subspace of Z. To prove the claim, let pϕpynqq be
a sequence in ϕpY q such that
ϕpynq “ pyn, yn, . . .q }¨}`2ÝÝÑ z “ px1, x2, . . .q P Z.
Then yn
}¨}iÝÝÑ xi as n ÝÑ 8 for i “ 1, 2, . . .. Since each } ¨ }i is equivalent to } ¨ },
it must be the case that xi “ x1 for i “ 2, 3, . . .. Moreover, the requirement that
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}z}`2 ă 8 implies that
p
8ÿ
i“1
}xi}2i q1{2 “ p
8ÿ
i“1
}x1}2i q1{2 “ }x1}1 ă 8.
Therefore, x1 P Y and z “ lim
n
ϕpynq “ ϕpx1q P ϕpY q, proving the claim.
Since ϕpY q is a closed subspace of the Banach space Z, it is itself a Banach
space. Moreover, since pY, } ¨ }1q is isometrically isomorphic to ϕpY q as shown
above, we conclude that pY, } ¨ }1q is also a Banach space.
Finally, let p : Z ÝÑ X be the projection px1, x2, . . .q ÞÑ x1. Then p is clearly
continuous with }p} ď 1. Hence j “ p ˝ ϕ : pY, } ¨ }1q ÝÑ X is the composition of
two continuous functions of norm no greater than one, and as such is continuous
with }j} ď 1.
(iii) In the remainder of the proof, Y denotes the Banach space pY, }¨}1q. Before
proving the claims in this part of the lemma, we would like to prove the following
properties of j and ϕ which we will require below.
j˚ : X˚ ÝÑ Y ˚, j˚pλq “ λ|Y pλ P X˚q, (13)
ϕ˚˚ : Y ˚˚ ÝÑ Z˚˚, ϕ˚˚pΨq “ pj˚˚pΨqq pΨ P Y ˚˚q. (14)
In fact, for λ P X˚ and y P Y , xj˚pλq, yy “ xλ, jpyqy “ λpyq, proving (13).
Turning to (14), we first note that for all pλnq P Z˚ “ `2-‘Xn˚ and y P Y , we
have
xϕ˚ ppλnqq , yy “ xpλnq, ϕpyqy “ xpλnq, pjpyqqy
“
8ÿ
n“1
xλn, jpyqy “
8ÿ
n“1
xj˚pλnq, yy “ x
8ÿ
n“1
j˚pλnq, yy.
Hence
ϕ˚ ppλnqq “
8ÿ
n“1
j˚pλnq. (15)
Therefore, for all Ψ P Y ˚˚ and pλnq P Z˚ “ `2-‘Xn˚ , we have
xϕ˚˚pΨq, pλnqy “ xΨ, ϕ˚ppλnqqy “ xΨ,
8ÿ
n“1
j˚pλnqy
“
8ÿ
n“1
xj˚˚pΨq, λny “ xpj˚˚pΨqq, pλnqy,
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proving (14).
To prove that j˚˚ is injective, we first note that since ϕ is an isometry, ϕ˚˚ is
also an isometry and hence it is injective. In particular, we have
pϕ˚˚q´1pt0uq “ t0u, (16)
pϕ˚˚q´1pϕpY qq “ Y. (17)
Hence if j˚˚pΨq “ 0 for some Ψ P Y ˚˚, then pj˚˚pΨqq “ 0 in Z˚˚ which implies by
(14) that ϕ˚˚pΨq “ 0. Thus by (16), Ψ “ 0, proving that j˚˚ is injective.
Finally, we will show that pj˚˚q´1pXq “ Y . Since j˚˚pY q “ jpY q Ă X, we have
Y Ă pj˚˚q´1pXq and it remains to show that the inclusion is not strict.
Let Ψ P Y ˚˚ be such that j˚˚pΨq P X. Then ϕ˚˚pΨq “ pj˚˚pΨqq P Z. Since
ϕ˚˚ : Y ˚˚ ÝÑ ϕ˚˚pY ˚˚q is an isometric isomorphism, we have ϕ˚˚pY ˚˚q “ ϕpY q˚˚.
Therefore, ϕ˚˚pΨq P ϕpY q˚˚ and we have
ϕ˚˚pΨq P ϕpY q˚˚
č
Z.
Applying Lemma 4.6 to the Banach spaces ϕpY q and Z, and recalling that ϕpY q
is a closed subspace of Z, we have ϕ˚˚pΨq P ϕpY q˚˚ŞZ “ ϕpY q, proving that
Ψ P pϕ˚˚q´1pϕpY qq “ Y .
(iv) First, we show that
BY
σpX˚˚,X˚q “ j˚˚pBY ˚˚q, (18)
where we are viewing BY as a subset of X. In fact, BY ˚˚ is w
˚-compact by
Alaoglu’s theorem (see Conway [4, Theorem V.3.1]), and BY
σpY ˚˚,Y ˚q “ BY ˚˚ by
Theorem 1.7 (Goldstine’s Theorem). Moreover, since j˚˚ is w˚-continuous (see
Megginson [37, Theorem 3.1.11]), we have j˚˚pBY ˚˚q being σpX˚˚, X˚q-compact
in X˚˚, and thus
j˚˚pBY qσpX
˚˚,X˚q “ j˚˚pBY ˚˚q.
But j˚˚pBY q “ jpBY q “ BY . Therefore, BY σpX
˚˚,X˚q “ j˚˚pBY ˚˚q. We have
shown that j˚˚pBY ˚˚q is σpX˚˚, X˚q-compact and BY is σpX˚˚, X˚q-dense in it.
Now we prove that if W is weakly relatively compact, i.e., if W is compact in
the σpX,X˚q topology, then the sets 2nW ` 2´nBX˚˚ contain BY for n “ 1, 2, . . ..
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Let n be given. If x P BY , then }x}1 ď 1 so }x}n ď 1. If x P 2nW ` 2´nBX , then
we have nothing to show. Otherwise, let  ą 0 be arbitrary. By definition of the
gauge, there exists some t “ tpn, q such that 1 ď t ď 1`  and
x P 2ntW ` 2´ntBX Ă 2ntW ` 2´ntBX˚˚ .
So there must exist some y P 2nW and z P 2´nBX˚˚ such that x “ tpn, qpy`zq.
Using the fact that 2nW and 2´nBX˚˚ are w˚-compact, we may assume without
loss of generality that y
w˚ÝÝÑ y P 2nW and z w˚ÝÝÑ z P 2´nBX˚˚ , where we re-
place each net by an appropriate subnet that guarantees simultaneous convergence.
Since tpn, q decreases to one as  decreases to zero, we have
tpn, qy w˚ÝÝÑ y P 2nW, and tpn, qz w˚ÝÝÑ z P 2´nBX˚˚ ,
hence
x “ tpn, qpy ` zq w˚ÝÝÑ py ` zq P 2nW ` 2´nBX˚˚ ,
where the -net is constant and every element is always equal to x. Therefore,
x P 2nW ` 2´nBX˚˚ , proving that BY Ă 2nW ` 2´nBX˚˚ for n “ 1, 2, . . .. Since
each 2nW ` 2´nBX˚˚ is σpX˚˚, X˚q-compact, it follows from (18) that
j˚˚pBY ˚˚q Ă 2nW ` 2´nBX˚˚ for n “ 1, 2, . . . . (19)
Next we will show that
8č
n“1
pX ` 2´nBX˚˚q “ X. (20)
To verify this, let z P
8Ş
n“1
pX ` 2´nBX˚˚q Ă X˚˚. Then for n “ 1, 2, . . ., z “
xn ` 2´nyn, for some xn P X and yn P BX˚˚ . Since pynq is bounded, we have
xn “ z ´ 2´nyn }¨}ÝÝÝÑ
nÑ8 z P X
˚˚.
Since pxnq is convergent in X˚˚ and xn P X for n “ 1, 2, . . ., pxnq is Cauchy in X.
It follows that pxnq must be convergent in X. Since X Ă X˚˚, by uniqueness of
limit, we conclude that xn
}¨}ÝÝÝÑ
nÑ8 z P X, proving our claim.
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Finally, using the fact that X is a Banach space and W Ă X is convex, we
have 2nW Ă X for each n, and hence by (19) and (20),
j˚˚pBY ˚˚q Ă
8č
n“1
2nW ` 2´nBX˚˚ Ă
8č
n“1
pX ` 2´nBX˚˚q “ X.
Therefore, j˚˚pBY ˚˚q Ă X and hence by part (iii) above, BY ˚˚ Ă Y , proving that
Y ˚˚ Ă Y and Y is reflexive.
Conversely, if Y “ Y ˚˚, then BY “ BY ˚˚ is weakly compact and hence W Ă BY
is relatively weakly compact. 
4.2. A WAP -representation theorem and its applications
It is well-known that for an involutive Banach algebra A with a bounded aprox-
imate identity, every positive linear functional on A is a coordinate function of an
involutive representation of A on some Hilbert space (see for example, Dixmier
[13, Proposition 2.4.4]). In this section, we will extend this result on positive
linear functionals to weakly almost periodic functionals. We will show that if a
Banach algebra A has a bounded approximate identity, then every weakly almost
periodic functional on A is a coordinate function of a representation of A, on some
reflexive Banach space Y .
Recall that if A is a Banach algebra and X is a closed subspace of A˚, we
say X is faithful if a “ 0 whenever λpaq “ 0 for all λ P X (see Definition 1.14).
It was shown in Lemma 1.15 that whenever X is faithful, then the natural map
of A into X˚ is an embedding, and we will regard A as a subalgebra of pX˚,lq
when X is topologically left introverted in A˚. The space X˚ can be equipped
with the w˚-topology σpX˚, Xq. It is well known and easy to verify that if X is
topologically [right] left introverted in A˚, then for all Φ P X˚, the map
X˚ ÝÑ X˚, rΨ ÞÑ Φ♦Ψs Ψ ÞÑ ΨlΦ
is w˚-continuous.
Lemma 4.7. Let A be a Banach algebra and X Ă A˚ be a faithful subspace of
A˚.
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(i) If A has a bounded left approximate identity and if X is topologically
left introverted in A˚, then every λ P X is a coordinate function of the
continuous representation
L : A ÝÑ L pXq, Lpaqµ “ a ¨ µ pa P A, µ P Xq.
(ii) If A has a bounded right approximate identity and if X is topologically
right introverted in A˚, then every λ P X is a coordinate function of the
continuous anti-representation
R : A ÝÑ L pXq, Rpaqµ “ µ ¨ a pa P A, µ P Xq.
Proof. (i) Since X is a closed Banach A-bisubmodule of A˚, Lpaq P L pXq
for every a P A. Moreover,
Lpabqµ “ pabq ¨ µ “ a ¨ pb ¨ µq “ LpaqLpbqµ,
where for the second equality, we used the associative property of the module
action. Hence L is a representation.
Furthermore, L is continuous, since
}Lpaq} “ sup
µPBX
}Lpaqµ} “ sup
µPBX
}a ¨ µ} ď sup
µPBX
}a}}µ} ď }a}.
Let peαq be a bounded left approximate identity of A, and let Φ0 be any w˚-
cluster point of this net in X˚. Then Φ0 ¨ a “ a, since
Φ0 ¨ a “ Φ0la “ lim
α
eαla “ lim
α
eαa “ a,
where for the second equality, we used the w˚-continuity of the map Ψ ÞÑ ΨlΦ.
Suppose λ P X. Given any a P A, we have
Lλ,Φ0paq “ xLpaqλ,Φ0y “ xa ¨ λ,Φ0y “ xλ,Φ0 ¨ ay “ xλ, ay.
So Lλ,Φ0 “ λ.
(ii) Since X is a closed Banach A-bisubmodule of A˚, Rpaq P L pXq for every
a P A. Moreover,
Rpabqµ “ µ ¨ pabq “ pµ ¨ aq ¨ b “ RpbqRpaqµ,
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where for the second equality, we used the associative property of the module
action. Hence R is an anti-representation.
Furthermore, R is continuous, since
}Rpaq} “ sup
µPBX
}Rpaqµ} “ sup
µPBX
}µ ¨ a} ď sup
µPBX
}µ}}a} ď }a}.
Let peαq be a bounded right approximate identity of A, and let Ψ0 be any
w˚-cluster point of this net in X˚. Then a ¨Ψ0 “ a, since
a ¨ Φ0 “ a♦Φ0 “ lim
α
a♦eα “ lim
α
aeα “ a,
where for the second equality, we used the w˚-continuity of the map Ψ ÞÑ Φ♦Ψ.
Suppose λ P X. Given any a P A, we have
Rλ,Ψ0paq “ xRpaqλ,Ψ0y “ xλ ¨ a,Ψ0y “ xλ, a ¨Ψ0y “ xλ, ay.
So Rλ,Ψ0 “ λ. 
Let λ P wappAq. Using the notation of Section 4.1, let X “ A˚, and W be
the norm closure of BA ¨ λ “ ta ¨ λ : a P A, }a} ď 1u in A˚. Then W is a convex,
bounded, balanced, and weakly compact subset of A˚. Hence if Y is as in Theorem
4.5, then Y is a reflexive Banach space, Y Ă A˚, the natural inclusion j : Y ÝÑ A˚
is continuous and }j} ď 1, and moreover, W Ă BY . Recall that Ψ0 P A˚˚ is a
mixed identity for A˚˚ if it is a right identity for the first Arens product and a left
identity for the second Arens product. We can now state the main result of this
chapter.
Theorem 4.8. Let A be a Banach algebra with a bounded two-sided approxi-
mate identity pBAIq and let 0 ‰ λ P wappAq. Let L : A ÝÑ L pA˚q be defined by
Lpaqµ “ a ¨ µ pa P A, µ P A˚q. Then the map
pi : A ÝÑ L pY q, pipaq “ Lpaq ˝ j “ Lpaq|Y ,
is a continuous representation of A on the reflexive Banach space Y , and λ is a
coordinate function of pi. Moreover, pi is faithful if Y separates the points of A˚.
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Before we present the proof of Theorem 4.8, we will prove the following Lemma
which is needed in the proof of the theorem.
Lemma 4.9. Let A be a Banach algebra with a BAI and let L : A ÝÑ L pA˚q
be defined as above. Then for all a P A,
(i) Lpaq˚ : A˚˚ ÝÑ A˚˚ is given by Lpaq˚Ψ “ Ψ ¨ a pΨ P A˚˚q.
(ii) Lpaq˚˚ : A˚˚˚ ÝÑ A˚˚˚ is given by Lpaq˚˚Γ “ a ¨ Γ pΓ P A˚˚˚q. In
particular, for all λ P A˚, Lpaq˚˚λ “ a ¨ λ.
Proof. Let a P A, Ψ P A˚˚, and Γ P A˚˚˚. Then
(i) xLpaq˚Ψ, λy “ xΨ, Lpaqλy “ xΨ, a ¨ λy “ xΨ ¨ a, λy.
(ii) xLpaq˚˚Γ,Ψy “ xΓ, Lpaq˚Ψy “ xΓ,Ψ ¨ ay “ xa ¨ Γ,Ψy. 
Proof of Theorem 4.8. Note first that the continuity of L and the fact that
every µ P A˚ is a coordinate function of L follow immediately from Lemma 4.7,
since A˚ is clearly a faithful subspace of itself and is also topologically introverted
in itself. Moreover, Theorem 4.5 guarantees that Y is a reflexive Banach space.
Now we show that pipaq P L pY q for every a P A.
Let a P A and µ P Y . If t ě 0 is such that µ P tUn, then
a ¨ µ P ta ¨ Un “ 2nta ¨W ` 2´nta ¨BA˚ Ă 2nt}a}W ` 2´nt}a}BA˚ . (21)
The inclusion is derived as follows: a ¨ W “ }a} a}a} ¨ W , where a}a} ¨ W Ă W .
Similarly, a ¨ BA˚ “ }a} a}a} ¨ BA˚ , and a}a} ¨ BA˚ Ă BA˚ . It follows from (21) that
}a ¨ µ}n ď t}a} pn “ 1, 2, . . .q. Since this holds for all t ě 0 such that µ P tUn, we
have }a ¨ µ}n ď }a}}µ}n pn “ 1, 2, . . .q. Consequently, we have
}a ¨ µ}1 “ p
8ÿ
n“1
}a ¨ µ}2nq1{2 ď }a}p
8ÿ
n“1
}µ}2nq1{2 ď }a}}µ}1 ă 8.
This proves that Lpaqµ “ a ¨ µ P Y for all a P A and µ P Y . Moreover, pi is
continuous since
}pipaqµ}1 “ }a ¨ µ}1 ď }a}}µ}1
for all a P A and µ P Y , and hence }pipaq} ď }a}, i.e., }pi} ď 1.
Next we will show that λ is a coordinate function of pi. Let peαq be a BAI for
A with bound r ą 0. Then for all a P A, xeα ¨ λ, ay “ xλ, aeαy ÝÑ xλ, ay. So
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eα ¨ λ w˚ÝÝÑ λ. Moreover,
eα ¨ λ P C “ ta ¨ λ : a P A, }a} ď ru “ rta ¨ λ : a P A, }a} ď 1u.
Since λ P wappAq, C is relatively weakly compact. Therefore, there exists a subnet
peαβq of peαq such that
eαβ ¨ λ wÝÑ λ1 P Cw.
Since the w˚-topology is weaker than the w-topology on A˚, eαβ ¨λ w
˚ÝÝÑ λ1. By the
uniqueness of w˚-limits, we have
λ “ λ1 P Cw “ C}¨} “ rW Ă Y,
where for the last inclusion, we used Theorem 4.5(i) and the definition of Y .
Let Φ0 be a w
˚-cluster point of peαq in A˚˚. Then Φ0 is a mixed identity for A˚˚
by Palmer [40, Proposition 5.1.8]. So Φ0 ¨ a “ a for all a P A. Define Φ00 :“ Φ0|Y .
Then Φ00 “ j˚pΦ0q P Y ˚.
Now, since we have shown that λ P Y and Φ00 P Y ˚, the coordinate function
piλ,Φ00 is well defined. In fact, if a P A, we have
piλ,Φ00paq “ xpipaqλ,Φ00yY,Y ˚ “ xa ¨ λ,Φ0yA˚,A˚˚ “ xλ,Φ0 ¨ ayA˚,A˚˚ “ λpaq.
So λ “ piλ,Φ00 .
Finally we show that pi is faithful whenever Y separates the points of A˚; that
is, pi is injective whenever Y is a faithful subspace of A˚.
Suppose Y is faithful, and let a0 P A be such that pipa0q “ 0. Then Lpa0q˝j “ 0
and hence a0 ¨ y “ 0 for every y P Y . Therefore, xa0 ¨ y, ay “ 0 for all y P Y and
a P A which implies that xy, aa0y “ 0 for all y P Y and a P A. In particular,
xy, eαa0y “ 0 for all y P Y and for all α, and hence xy, a0y “ 0 for all y P Y , which
implies that a0 “ 0. Therefore, pi is faithful. 
Let G be a topological group and f be a function on G. Megrelishvili showed
in [38] that f P WAP pGq if and only if f is a coordinate function of some repre-
sentation V : G ÝÑ IspY q of G on some reflexive Banach space Y . Theorems 4.8
and 3.15 provide a Banach algebra analogue of this result.
The following lemma will be useful in proving our next theorem.
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Lemma 4.10. Let A be a Banach algebra with a BAI. For each λ P wappAq, let
piλ : A ÝÑ L pYλq be a continuous representation of A on a reflexive Banach space
Yλ such that }piλ} ď 1 and λ is a coordinate function of piλ (see Theorem 4.8).
(i) The map
rTλ : Yλ ˆ Y ˚λ ÝÑ wappAq, pyλ, φλq ÞÑ piλyλ,φλ
is bilinear and continuous and }rTλ} ď 1.
(ii) Let Y “ `2-‘λYλ, be the `2-direct sum of the family tYλuλPwappAq. Then
the map rT : Y ˆ Y ˚ ÝÑ wappAq,
ppyλq, pφλqq ÞÑ
ÿ
λ
rTλpyλ, φλq “ÿ
λ
piyλλ ,φλ
is bilinear and continuous and }rT } ď 1.
Remarks 4.11. (1) The fact that the images of rTλ and rT above are subsets of
wappAq is a consequence of Theorem 3.15.
(2) Note that Y ˚ “ `2-‘λYλ˚ and hence Y is reflexive by Megginson [37, The-
orem 1.10.13].
(3) Although the sums in the definition of rT are over an uncountably infinite
set, the fact that Y and Y ˚ are `2-direct sums implies by Proposition 1.8 that
only countable many of the yλ and φλ are non-zero. Consequently, only countably
many piyλ,φλ terms are nonzero. Thus the sums are in fact countable.
Proof. (i) The bilinearity of rTλ follows from Lemma 2.16(iii). Moreover, a
direct application of part (iv) of the same lemma yields
}rTλpyλ, φλq} “ }piyλ,φλ} ď }yλ}}φλ},
since }pi} ď 1. Therefore, rTλ is bilinear and continuous and }rTλ} ď 1.
(ii) Since }rTλ} ď 1 and Y and Y ˚ are `2 direct sums, by part (3) of the above
remark, T˜ : Y ˆ Y ˚ ÝÑ wappAq is well defined. The bilinearity of rT follows from
its definition and the bilinearity of rTλ. In fact, suppose py1λq and py2λq are two
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elements of Y , pφλq P Y ˚ and α, β P C are scalars, then
rT pαpy1λq ` βpy2λq, pφλqq “ÿ
λ
rTλpαy1λ ` βy2λ, φλq
“
ÿ
λ
pαrTλpy1λ, φλq ` β rTλpy2λ, φλqq
“ α
ÿ
λ
rTλpy1λ, φλq ` βÿ
λ
rTλpy2λ, φλq
“ αrT ppy1λq, pφλqq ` β rT ppy2λq, pφλqq,
showing that rT is linear in its first component. A similar argument, which we omit
for briefness, shows that rT is linear in its second component.
To show continuity of rT , we write
}rT ppyλq, pφλqq} “ }ÿ
λ
rTλpyλ, φλq}
ď
ÿ
λ
}rTλpyλ, φλq}
ď
ÿ
λ
}yλ}}φλ}
(Cauchy-Schwarz) ď p
ÿ
λ
}yλ}2q1{2p
ÿ
λ
}φλ}2q1{2
“ }pyλq}}pφλq}.
Hence rT is continuous and }rT } ď 1. 
The well-known GNS theorem (see Folland [21]) states that every C˚-algebra
is isometrically isomorphic to a closed C˚-subalgebra of L pHq for some Hilbert
space H. The following theorem of Daws [10, Theorem 3.6 and Corollary 3.8]
provides an analogue result for dual Banach algebras. In the following, we give an
alternative proof which utilizes Theorem 4.8.
Theorem 4.12. (Daws) Every dual Banach Algebra is isometrically isomor-
phic to a closed subalgebra of L pY q for some reflexive Banach space Y .
Proof. Let A be a dual Banach Algebra with predual A˚. Since the unitiza-
tion of a dual Banach algebra remains a dual Banach algebra (see Lemma 2.6), we
may assume without any loss of generality that A is unital.
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For each λ P wappAq, let piλ, Yλ and Y be given as in Lemma 4.10 and let
Tλ and T be the bounded linear maps corresponding to rTλ and rT , respectively
(Theorem A.19). Then
Tλ : YλpbY ˚λ ÝÑ wappAq, yλ b φλ ÞÑ piλyλ,φλ ,
and
T : Y pbY ˚ ÝÑ wappAq, pyλq b pφλq ÞÑÿ
λ
Tλpyλ b φλq “
ÿ
λ
piλyλ,φλ ,
satisfying }Tλ} ď 1 and }T } ď 1.
We claim that the adjoint map
T ˚ : wappAq˚ ÝÑ pY pbY ˚q˚ – L pY q
is an isometric algebra homomorphism. To prove this claim, we first show that
given ν P wappAq˚, y “ pyλq P Y and φ “ pφλq P Y ˚, we have
pT ˚νqy “ ppT ˚λ νqyλqλ P Y, (22)ÿ
λ
ν ¨ piλyλ,φλ “ T ppT ˚νqy b φq P wappAq. (23)
In fact,
xpT ˚νqy, φyY,Y ˚ “ xT ˚ν, y b φyL pY q,L pY q˚
“ xν, T py b φqywappAq˚,wappAq
“ xν,
ÿ
λ
Tλpyλ b φλqy
“
ÿ
λ
xν, Tλpyλ b φλqy
“
ÿ
λ
xT ˚λ ν, yλ b φλyL pYλq,L pYλq˚
“
ÿ
λ
xpT ˚λ νqyλ, φλyYλ,Y ˚λ
“ xppT ˚λ νqyλq, pφλqyY,Y ˚
“ xppT ˚λ νqyλq, φy,
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which proves (22). To prove (23), we note that for every a P A, we have
x
ÿ
λ
ν ¨ piλyλ,φλ , ayA˚,A “
ÿ
λ
xν, piλyλ,φλ ¨ aywappAq˚,wappAq
(Lemma 2.16(ii)) “
ÿ
λ
xν, piλyλ,piλpaq˚φλywappAq˚,wappAq
“ xν, T py b ppiλpaq˚φλqqy
“ xpT ˚νqy, ppiλpaq˚φλqyY,Y ˚
(by (22)) “ xppT ˚λ νqyλq, ppiλpaq˚φλqy
“
ÿ
λ
xpiλpaqpT ˚λ νqyλ, φλyYλ,Y ˚λ
“ x
ÿ
λ
piλpT˚λ νqyλ,φλ , ayA˚,A
“ xT pppT ˚λ νqyλq b pφλqq, ay
(by (22)) “ xT ppT ˚νqy b φq, ay,
which completes the proof of (23).
Next we verify that
T ˚pµlνq “ pT ˚µqpT ˚νq for all µ, ν P wappAq˚.
In fact, for all y P Y and φ P Y ˚, we have
xT ˚pµlνqy, φyY,Y ˚ “ xT ˚pµlνq, y b φyL pY q,L pY q˚
“ xµlν, T py b φqywappAq˚,wappAq
“ xµlν,
ÿ
λ
piλyλ,φλy
“ xµ,
ÿ
λ
ν ¨ piλyλ,φλy
(by (23)) “ xµ, T ppT ˚νqy b φqy
“ xT ˚µ, pT ˚νqy b φyL pY q,L pY q˚
“ xpT ˚µqpT ˚νqy, φyY,Y ˚ ,
4.2. A WAP -REPRESENTATION THEOREM AND ITS APPLICATIONS 62
which is what we wanted to show.
Now, we verify that T ˚ is an isometry. We immediately have }T ˚} “ }T } ď 1,
so }T ˚µ} ď }µ} for every µ P wappAq˚.
Let e be the identity of A, µ P wappAq˚ be given, and jλ : Yλ ÝÑ A˚ be the
natural inclusion map. For y P Yλ and Ψ P A˚˚, we have xjλ˚pΨq, yy “ xΨ, jλpyqy.
Hence jλ˚pΨq “ Ψ|Yλ .
Let eλ “ jλ˚peq “ e|Yλ . Then since }jλ} ď 1 and }e} “ 1, we have
}eλ} “ }j˚λpeq} ď }jλ}}e} ď 1.
Let  ą 0 be given and pick λ P wappAq such that }λ} ď 1 and |µpλq| ě }µ}´.
Since λ P Yλ and eλ P Yλ˚ , Tλpλb eλq “ piλλ,eλ P wappAq is well defined. In fact, for
every a P A,
piλλ,eλpaq “ xpiλpaqλ, eλy “ xa ¨ λ, j˚λpeqy “ xa ¨ λ, ey “ λpaq,
so that
Tλpλb eλq “ piλλ,eλ “ λ.
Thus we have
}T ˚µ} ě }T ˚λµ} ě |xT ˚λµ, λb eλy| “ |xµ, Tλpλb eλqy| “ |µpλq| ě }µ} ´ . (24)
The justification for the first inequality is as follows:
}T ˚µ} “ sup
yPBY
}pT ˚µqy} (22)“ sup
yPBY
}ppT ˚λµqyλq} “ sup
yPBY
p
ÿ
λ
}pT ˚λµqyλ}2q1{2
ě sup
yλPBYλ
}pT ˚λµqyλ} “ }T ˚λµ}.
The second inequality in (24) follows by definition of the norm and the fact that
}λb eλ} “ }λ}}eλ} ď 1.
Since (24) holds for every  ą 0, we conclude that }T ˚µ} ě }µ}, completing
the proof that T ˚ is an isometry.
We have shown that wappAq˚ embeds isometrically intoL pY q, which combined
with the fact that the dual Banach algebra A can be isometrically embedded in
4.2. A WAP -REPRESENTATION THEOREM AND ITS APPLICATIONS 63
wappAq˚ (Runde [43, Corollary 4.6]) proves that A can be isometrically embedded
in L pY q, completing the proof. 
CHAPTER 5
LUC and RUC-Representation Theorems
5.1. Preliminaries
We begin this chapter with some basic definitions and results. For more details
the reader may consult Folland [21] or Burckel [2].
The following lemma will prove quite useful for later purposes. Recall the
definition of unitary representation given in Section 1.7. As in Folland [21, Section
3.2], every unitary representation V : G ÝÑ L pHq of a locally compact group G
on a Hilbert space H determines a continuous representation rV : L1pGq ÝÑ L pHq
of the group algebra L1pGq on H in the following way: if f P L1pGq, then
rV pfq “ ż
G
fptqV ptqdt, (25)
where the integration is with respect to a left Haar measure on G.
Since rV is continuous with respect to the SOT on L pHq, its coordinate func-
tions belong to C bpGq.
Lemma 5.1. Let V be a unitary representation of a locally compact group G
on some Hilbert space H, and suppose rV is the associated representation of L1pGq
on H defined in (25). Then for all ξ, η P H, we have rVξ,η “ Vξ,η.
Proof. For all ξ, η P H and f P L1pGq, we have
xrVξ,η, fyL8pGq,L1pGq “ xrV pfqξ|ηy
“
ż
G
xV ptqξ|ηyfptqdt
“
ż
G
Vξ,ηptqfptqdt
“ xVξ,η, fyL8pGq,L1pGq.

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Let G be a locally compact group, and C bpGq be the space of all bounded
continuous functions on G. Recall that for a function f P C bpGq we define the
[right] left translations of f by [fsptq “ fptsq] sfptq “ fpstq (t P G).
Definition 5.2. A function f in C bpGq is said to be [left] right uniformly
continuous if
G ÝÑ C bpGq, rs ÞÑ sf s s ÞÑ fs
is continuous. The space of all [left] right uniformly continuous functions is denoted
by rLUCpGqsRUCpGq.
The following result is excerpted from Galindo [23, Proposition 1.6] and we
state it here without proof for comparison with our later results.
Proposition 5.3. Let G be a topological group and f : G ÝÑ C be a function.
Then f P rLUCpGqsRUCpGq if and only if f is a coordinate function of some
[anti-]representation V : G ÝÑ IspXq of G on some Banach space X.
Suppose A is a Banach algebra. The spaces of left uniformly continuous and
right uniformly continuous functionals on A are defined respectively by
lucpAq “ spanpA˚ ¨ Aq
and
rucpAq “ spanpA ¨ A˚q,
where span denotes the closed linear span. Since a ¨ pλ ¨bq “ pa ¨λq ¨b for all a, b P A
and λ P A˚ (see part piiq of Lemma 1.21), Proposition 2.12 implies that lucpAq is
topologically left-introverted in A˚ and rucpAq is topologically right-introverted in
A˚.
As in the case of [weakly] almost periodic functionals, our next lemma provides
a situation in which the space rLUCpGqsRUCpGq for a locally compact group G
coincides with the space rlucpAqs rucpAq for a Banach algebra A.
Lemma 5.4. Let G be a locally compact group and L1pGq be the group algebra.
Then LUCpGq “ lucpL1pGqq and RUCpGq “ rucpL1pGqq.
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Proof. This follows from Proposition 3.6(i) and the identities
LUCpGq “ L1pGq ˚ L8pGq, RUCpGq “ L8pGq ˚ L1pGqq
(see Hewitt–Ross [28, (32.45)]). 
5.2. Results for the group algebra
Throughout this section, G denotes a locally compact group with a fixed left
Haar measure. We shall consider representations that are subordinate to the space
LUCpGq. In Theorem 5.7 we show that to every continuous unitary representation
of G on a Hilbert space H, one can associate a conjugate [anti-]representation rpi1s pi
of L1pGq on L pHq, which is subordinate to rRUCpGqs LUCpGq. The converse of
this result will be proved in Theorem 5.9.
Lemma 5.5. Let V : G ÝÑ L pHq be a continuous unitary representation of
G.
(i) The map pi : MpGq ÝÑ L pL pHqq, defined by
pipµqT “
ż
G
V ptqTV ptq˚ dµptq pµ PMpGq, T P L pHqq, (26)
is a continuous representation with }pi} ď 1.
(ii) The map pi1 : MpGq ÝÑ L pL pHqq, defined by
pi1pµqT “
ż
G
V ptq˚TV ptq dµptq pµ PMpGq, T P L pHqq, (27)
is a continuous anti-representation with }pi1} ď 1.
The integrals appearing in (26) and (27) are operator-valued, and the identity
(26) (and those similar to it) is to be interpreted as
xpipµqTx|yy “
ż
G
xV ptqTV ptq˚x|yy dµptq px, y P Hq,
where xV p¨qTV p¨q˚x|yy P C bpGq. For a brief review of these integrals, see Folland
[21, Appendix 3], and for a more detailed treatment, see Bourbaki [1, Section
VI.1.3].
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Proof. (i) Let µ, ν PMpGq and T P L pHq. Then for all x, y P H,
xpipµ ˚ νqTx|yy “
ż
G
xV ptqTV ptq˚x|yy dpµ ˚ νqptq
“
ż
G
ż
G
xV pgsqTV pgsq˚x|yydνpsqdµpgq
“
ż
G
ż
G
xV pgqV psqTV psq˚V pgq˚x|yydνpsqdµpgq
“
ż
G
ż
G
xV psqTV psq˚V pgq˚x|V pgq˚yydνpsqdµpgq
“
ż
G
xpipνqV pgq˚x|V pgq˚yydµpgq
“
ż
G
xV pgq ppipνqT qV pgq˚x|yydµpgq
“ xpipµqpipνqTx|yy,
where the second equality is justified by the definition of µ ˚ ν (see Folland [21,
Equation (2.34), p.49]).
Moreover, using the fact that V ptq is a unitary operator for all t P G and hence
}V ptq} “ }V ptq˚} “ 1, we have
}pipµqT } “ sup
x,yPH
}x},}y}ď1
|xpipµqTx|yy|
“ sup
x,yPH
}x},}y}ď1
|
ż
G
xV ptqTV ptq˚x|yydµptq|
ď sup
x,yPH
}x},}y}ď1
ż
G
|xV ptqTV ptq˚x|yy|d|µ|ptq
ď sup
x,yPH
}x},}y}ď1
}T }|µ|pGq “ }µ}}T }.
Therefore, }pipµq} ď }µ}.
(ii) Let µ, ν PMpGq and T P L pHq. Then for all x, y P H, we have
xpi1pµ ˚ νqTx|yy “
ż
G
xV ptq˚TV ptqx|yydpµ ˚ νqptq
“
ż
G
ż
G
xV pgsq˚TV pgsqx|yydµpgqdνpsq
“
ż
G
ż
G
xV psq˚V pgq˚TV pgqV psqx|yydµpgqdνpsq
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“
ż
G
ż
G
xV pgq˚TV pgqV psqx|V psqyydµpgqdνpsq
“
ż
G
xpi1pµqTV psqx|V psqyydνpsq
“
ż
G
xV psq˚pi1pµqTV psqx|yydνpsq
“ xpi1pνqpi1pµqTx|yy.
Moreover, we have
}pi1pµqT } “ sup
x,yPH
}x},}y}ď1
|xpi1pµqTx|yy|
“ sup
x,yPH
}x},}y}ď1
|
ż
G
xV ptq˚TV ptqx|yydµptq|
ď sup
x,yPH
}x},}y}ď1
ż
G
|xV ptq˚TV ptqx|yy|d|µ|ptq
ď sup
x,yPH
}x},}y}ď1
}T }|µ|pGq “ }µ}}T }.
Therefore, }pi1pµq} ď }µ}. 
Remark 5.6. The preceding result was proved for the left regular representa-
tion of G on L2pGq by Størmer [48] when G is abelian, and by Ghahramani [24] for
general locally compact groups. Both Størmer and Ghahramani showed that the
representation associated to the left regular representation is an isometry. This of
course is not true in general. For example, suppose V is the identity representation
of G on L2pGq, that is,
V : G ÝÑ L pL2pGqq, t ÞÑ V ptq “ I,
and let pi be the representation of MpGq associated to V . Then pi is not even
injective, since if f is a function in L1pGq such that ş
G
fptqdt “ 0, then pipfq “ 0.
In the following, we shall call pi and pi1 given in (26) and (27), as well as their re-
strictions, p˜i and p˜i1, to L1pGq, the conjugate representation and anti-representation
associated with V , respectively. We recall that the predual of L pHq is the space
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L pHq˚ – H pbH, where pb denotes the projective tensor product (see Definition
A.16).
Theorem 5.7. Let V : G ÝÑ L pHq be a continuous unitary representation,
and rp˜i1s p˜i be the associated conjugate [anti-]representation of L1pGq.
(i) If T P L pHq and T˚ “
8ř
i“1
xi b yi P L pHq˚, then in L8pGq,
p˜iT,T˚ “
8ÿ
i“1
xTV p¨q˚xi|V p¨q˚yiy, (28)
p˜i1T,T˚ “
8ÿ
i“1
xTV p¨qxi|V p¨qyiy. (29)
(ii) p˜i and p˜i1 are subordinate to LUCpGq and RUCpGq, respectively.
Before presenting the proof, we make a remark which we will require later on.
Remark 5.8. Suppose f is a continuous function on a locally compact group
G, and psαq is a net in G such that sα Ñ s P G. Then sαs´1 Ñ e, and
}sαf ´s f}8 “ sup
tPG
|psαf ´s fqptq|
“ sup
tPG
|fpsαtq ´ fpstq|
pletting y “ st, q “ sup
yPG
|fpsαs´1yq ´ fpyq|
“ }sαs´1f ´ f}8.
A similar argument shows that }fsα ´ fs}8 “ }fs´1sα ´ f}8.
Hence, when verifying the left/right uniform continuity of f , it suffices to con-
sider the continuity of the translation operator at the identity of G.
Proof. (i) Since p˜i is continuous, it follows that p˜iT,T˚ P L1pGq˚ “ L8pGq. Let
fi, f
1
i P L8pGq be defined by fiptq “ xTV ptq˚xi|V ptq˚yiy and f 1iptq “ xTV ptqxi|V ptqyiy,
respectively. As a consequence of the continuity of V in the strong operator topol-
ogy, we have if tα Ñ t P G, then for every x P H, V ptαqxÑ V ptqx P H, and
V ptαq˚x “ V pt´1α qxÑ V pt´1qx “ V ptq˚x.
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Hence fi and f
1
i are continuous. Moreover, by the Cauchy-Schwarz inequality, since
V is unitary, we have
}fi}8 “ sup
tPG
|fiptq| “ sup
tPG
|xTV ptq˚xi|V ptq˚yiy|
ď sup
tPG
}T }}V ptq˚}}xi}}V ptq˚}}yi}
“ }T }}xi}}yi},
and similarly, }f 1i}8 ď }T }}xi}}yi}. Thus fi, f 1i P C bpGq.
We note moreover that
8ÿ
i“1
}fi}8 ď }T }
8ÿ
i“1
}xi}}yi} ă 8,
and hence
8ř
i“1
fi is uniformly and absolutely convergent in C bpGq. A similar argu-
ment shows that
8ř
i“1
f 1i is also uniformly and absolutely convergent in C bpGq.
Let h P L1pGq. Then we have
xp˜iT,T˚ , hyL8pGq,L1pGq “ xp˜iphqT, T˚yL pHq,L pHq˚
“
8ÿ
i“1
xp˜iphqT, xi b yiy
“
8ÿ
i“1
xp˜iphqTxi|yiy
“
ż
G
8ÿ
i“1
xV ptqTV ptq˚xi|yiyhptqdt
“
ż
G
8ÿ
i“1
xTV ptq˚xi|V ptq˚yiyhptqdt
“
ż
G
8ÿ
i“1
fiptqhptqdt
“ x
8ÿ
i“1
fi, hyC bpGq,L1pGq.
Therefore, p˜iT,T˚ “
8ř
i“1
fi in L
8pGq. Similarly,
xp˜i1T,T˚ , hyL8pGq,L1pGq “ xp˜i1phqT, T˚yL pHq,L pHq˚
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“
8ÿ
i“1
xp˜i1phqT, xi b yiy
“
8ÿ
i“1
xp˜i1phqTxi|yiy
“
ż
G
8ÿ
i“1
xV ptq˚TV ptqxi|yiyhptqdt
“
ż
G
8ÿ
i“1
xTV ptqxi|V ptqyiyhptqdt
“
ż
G
8ÿ
i“1
f 1iptqhptqdt
“ x
8ÿ
i“1
f 1i , hyC bpGq,L1pGq.
Hence, p˜i1T,T˚ “
8ř
i“1
f 1i in L8pGq.
(ii) Continuing to work with fi and f
1
i as defined above, we show that fi P
LUCpGq and f 1i P RUCpGq, and thus it will follow that p˜iT,T˚ P LUCpGq and
p˜i1T,T˚ P RUCpGq.
Let x, y P H and define
fptq “ xTV ptq˚x|V ptq˚yy, f 1ptq “ xTV ptqx|V ptqyy.
As shown above, f, f 1 P C bpGq. Let psαq be a net in G such that sα Ñ e. We need
to show that }sαf ´ f}8 Ñ 0 and }f 1sα ´ f 1}8 Ñ 0. In fact, we have
}sαf ´ f}8 “ sup
tPG
|xTV psαtq˚x|V psαtq˚yy ´ xTV ptq˚x|V ptq˚yy|
“ sup
tPG
|xTV psαtq˚x|V psαtq˚yy ´ xTV ptq˚x|V psαtq˚yy
` xTV ptq˚x|V psαtq˚yy ´ xTV ptq˚x|V ptq˚yy|
ď sup
tPG
}T pV psαtq˚ ´ V ptq˚qx}}V psαtq˚y}
` sup
tPG
}TV ptq˚x}}V psαtq˚y ´ V ptq˚y}
ď }T } sup
tPG
}V ptq˚pV psαq˚x´ xq}}y}
` }T } sup
tPG
}V ptq˚x}}V ptq˚pV psαq˚y ´ yq}
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“ }T }}V psαq˚x´ x}}y} ` }T }}x}}V psαq˚y ´ y}
“ }T }}y}}V psαqx´ x} ` }T }}x}}V psαqy ´ y}.
And we also have
}f 1sα ´ f 1}8 “ sup
tPG
|xTV ptsαqx|V ptsαqyy ´ xTV ptqx|V ptqyy|
“ sup
tPG
|xTV ptsαqx|V ptsαqyy ´ xTV ptqx|V ptsαqyy
` xTV ptqx|V ptsαqyy ´ xTV ptqx|V ptqyy|
ď sup
tPG
}T pV ptsαq ´ V ptqqx}}V ptsαqy}
` sup
tPG
}TV ptqx}}V ptsαqy ´ V ptqy}
ď }T } sup
tPG
}V ptqpV psαqx´ xq}}y}
` }T } sup
tPG
}V ptqx}}V ptqpV psαqy ´ yq}
“ }T }}V psαqx´ x}}y} ` }T }}x}}V psαqy ´ y}.
Since V is continuous in the SOT , it follows that
}V psαqx´ x} ÝÑ 0 and }V psαqy ´ y} ÝÑ 0,
and hence }sαf ´ f}8 Ñ 0 and }f 1sα ´ f 1}8 Ñ 0. 
Next, we use the left regular representation of G on L2pGq (see Example 1.34)
to prove the converse of Theorem 5.7. Since the left regular representation of G
on L2pGq is unitary, it is associated with the left regular representation
rV : L1pGq ÝÑ L pL2pGqq,
of L1pGq on L2pGq.
Theorem 5.9. Let G be a locally compact group. Then every function in
rRUCpGqs LUCpGq is a coordinate function of the conjugate [anti-]representation
of L1pGq on L pL2pGqq associated with the left regular representation of G.
Proof. First let f P LUCpGq. Using the identity LUCpGq “ L1pGq ˚ L8pGq
(Hewitt–Ross [28, (32.45)]), we can set f “ h˚g, where h P L1pGq and g P L8pGq.
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We define φ, ψ P L2pGq by ψpxq “ |hpxq|1{2 px P Gq, and
φpxq “
$&% 0 hpxq “ 0hpxq{|hpxq|1{2 hpxq ‰ 0
Then h “ φψ and φ, ψ P L2pGq, sinceż
G
|ψpxq|2dx “
ż
G
|hpxq|dx ă 8 and
ż
G
|φpxq|2dx ď
ż
G
|hpxq|dx ă 8.
Let
T˚ “ φb ψ P L2pGqpbL2pGq “ L pL2pGqq˚,
and let Mgˇ P L pL2pGqq be the multiplication operator by gˇ. Then Mgˇ P L pL2pGqq
since it is clearly linear, and for k P L2pGq,
}Mgˇk}22 “
ż
G
|gpx´1qkpxq|2dx ď
ż
G
}g}28|kpxq|2dx “ }g}28}k}2 ă 8.
Let V be the left regular representation of G on L2pGq, and let
p˜i : L1pGq ÝÑ L `L pL2pGqq˘ , p˜ipkqT “ ż
G
V ptqTV ptq˚kptqdt,
k P L1pGq, T P L pL2pGqq, be the conjugate representation associated to V . We
claim that f is a coordinate function of p˜i corresponding to T “ Mgˇ P L pL2pGqq
and T˚ “ φb ψ P L pL2pGqq˚; in other words,
p˜iMgˇ ,φbψ “ f. (30)
In fact, for every k P L1pGq, we have
xp˜iMgˇ ,φbψ, ky “ xp˜ipkqMgˇ, φb ψy “ xp˜ipkqMgˇφ|ψy “
ż
G
xV ptqMgˇV ptq˚φ|ψykptqdt.
Therefore, to prove (30), it suffices to show that for all t P G,
xV ptqMgˇV ptq˚φ|ψy “ fptq. (31)
Note that sψ “ ψ. Given t P G, we can write
xV ptqMgˇV ptq˚φ|ψy “
ż
G
pV ptqMgˇV ptq˚φq psqĘψpsqds
“
ż
G
pMgˇV ptq˚φq pt´1sqψpsqds
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“
ż
G
gˇpt´1sq pV ptq˚φq pt´1sqψpsqds
pV ptq˚ “ V ptq´1 “ V pt´1qq “
ż
G
gps´1tqφpsqψpsqds
“
ż
G
gps´1tqhpsqds
“ ph ˚ gqptq “ fptq,
which proves (31) and hence (30).
Next, we let f “ g ˚ hˇ P RUCpGq “ L8pGq ˚ L1pGqqwith h P L1pGq and
g P L8pGq. We chose φ, ψ and T˚ as before, and let Mg P L pL2pGqq be the
multiplication operator by g. Let
p˜i1 : L1pGq ÝÑ L `L pL2pGqq˘ , p˜i1pkqT “ ż
G
V ptq˚TV ptqkptqdt,
k P L1pGq, T P L pL2pGqq, be the conjugate anti-representation associated to
V , where V is again the left regular representation of G on L2pGq. We claim
that f is a coordinate function of p˜i1 corresponding to T “ Mg P L pL2pGqq and
T˚ “ φb ψ P L pL2pGqq˚; in other words,
p˜i1Mg ,φbψ “ f. (32)
In fact, for every k P L1pGq, we have
xp˜i1Mg ,φbψ, ky “ xp˜i1pkqMg, φb ψy “ xp˜i1pkqMgφ|ψy “
ż
G
xV ptq˚MgV ptqφ|ψykptqdt.
Therefore, to prove (32), it suffices to show that for all t P G,
xV ptq˚MgV ptqφ|ψy “ fptq. (33)
Given t P G, we can write
xV ptq˚MgV ptqφ|ψy “
ż
G
pV ptq˚MgV ptqφq psqĘψpsqds
“
ż
G
pMgV ptqφq ptsqψpsqds
“
ż
G
gptsq pV ptqφq ptsqψpsqds
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“
ż
G
gptsqφpsqψpsqds
“
ż
G
gptsqhpsqds
“
ż
G
gptsqhˇps´1qds
psÑ t´1sq “
ż
G
gpsqhˇps´1tqds
“ pg ˚ hˇqptq “ fptq,
which proves (33) and hence (32). 
5.3. Results for arbitrary Banach algebras
Next we turn our attention to the space of left uniformly continuous functionals
lucpAq on a Banach algebra A. We shall present a class of representations of A
that are subordinate to lucpAq, and moreover, we shall show that every element
in lucpAq is a coordinate function of one such representation.
Theorem 5.10. Let A be a Banach algebra with a bounded right approximate
identity. Let θ : A ÝÑ L pAq be a continuous, non-degenerate anti-representation.
Then each of the two maps
(i) piθ : A ÝÑ L pL pA,A˚qq , piθpaqT “ T ˝ θpaq,
(ii) pˇiθ : A ÝÑ L pL pA,A˚qq , pˇiθpaqT “ θpaq˚ ˝ T ,
where a P A and T P L pA,A˚q, is a continuous representation of A subordinate
to lucpAq.
Proof. By the definition, piθpaqT, pˇiθpaqT P L pA,A˚q for all a P A and T P
L pA,A˚q, since θpaq P L pAq and θpaq˚ P L pA˚q.
Now we show that piθpaq, pˇiθpaq P L pL pA,A˚qq for all a P A. Let a P A,
T, S P L pA,A˚q, and α, β P C. Then
piθpaqpαT `βSq “ pαT `βSq ˝ θpaq “ αT ˝ θpaq`βS ˝ θpaq “ αpiθpaqT `βpiθpaqS,
and
pˇiθpaqpαT`βSq “ θpaq˚˝pαT`βSq “ αθpaq˚˝T`βθpaq˚˝S “ αpˇiθpaqT`βpˇiθpaqS.
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Furthermore,
}piθpaqT } “ }T ˝ θpaq} ď }θ}}a}}T },
}pˇiθpaqT } “ }θpaq˚ ˝ T } ď }θ}}a}}T }.
Clearly, piθ and pˇiθ are linear. It follows that }piθ} ď }θ} and }pˇiθ} ď }θ}.
Next we check that piθ and pˇiθ are homomorphisms. For all a, b P A and
T P L pA,A˚q,
piθpabqT “ T ˝ θpabq “ T ˝ pθpbq ˝ θpaqq “ pT ˝ θpbqq ˝ θpaq “ piθpaqppiθpbqT q,
and
pˇiθpabqT “ θpabq˚ ˝ T “ pθpaq˚ ˝ θpbq˚q ˝ T “ θpaq˚ ˝ pθpbq˚ ˝ T q “ pˇiθpaqppˇiθpbqT q.
Therefore, piθ and pˇiθ are continuous representations of A on L pA,A˚q. It
remains to show that they are subordinate to lucpAq. In other words, it remains
to show that for all T P L pA,A˚q and T˚ P L pA,A˚q˚,
piθT,T˚ , pˇi
θ
T,T˚ P lucpAq “ A˚ ¨ A.
We observe that A is a right Banach A-module with the module action b ‚ a “
θpaqb. In fact, for all a, b, c P A, we have
pa ‚ bq ‚ c “ θpcqθpbqa “ θpbcqa “ a ‚ pbcq,
and
}a ‚ b} “ }θpbqa} ď }θ}}b}}a}.
Moreover, since θ is non-degenerate, the linear span of the set tθpaqb : a, b P Au “
A ‚ A is norm dense in A. Therefore, by Cohen–Hewitt’s factorization theorem
(Hewitt–Ross [28, Theorem 32.23]), for all a P A, we can find elements a1, a2 P A
such that a “ a2 ‚ a1 “ θpa1qa2.
Let T˚ “ a1 b a2 P ApbA “ L pA,A˚q˚ and let T P L pA,A˚q. Write a1 “
θpa11qa21 and a2 “ θpa12qa22. Then for all c P A, we have
piθT,T˚pcq “ xpiθpcqT, a1 b a2yL pA,A˚q,L pA,A˚q˚
“ xpT ˝ θpcqqa1, a2yA˚,A
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“ xθpcqa1, T ˚a2yA,A˚
“ xθpcqpθpa11qa21q, T ˚a2yA,A˚
“ xθpa11cqa21, T ˚a2yA,A˚
pApbA˚ Ă L pAq˚ by Lemma A.21q “ xθpa11cq, a21 b T ˚a2yL pAq,L pAq˚
“ xc, θ˚pa21 b T ˚a2q ¨ a11yA,A˚ .
Hence,
piθT,T˚ “ θ˚pa21 b T ˚a2q ¨ a11 P A˚ ¨ A “ lucpAq.
Similarly,
pˇiθT,T˚pcq “ xpˇiθpcqT, a1 b a2yL pA,A˚q,L pA,A˚q˚
“ xpθpcq˚ ˝ T qa1, a2yA˚,A
“ xTa1, θpcqa2yA˚,A
“ xTa1, θpcqpθpa12qa22qyA˚,A
“ xTa1, θpa12cqa22yA˚,A
“ xa22 b Ta1, θpa12cqyL pAq˚,L pAq
“ xθ˚pa22 b Ta1q, a12cyA˚,A
“ xθ˚pa22 b Ta1q ¨ a12, cyA˚,A.
Hence, pˇiθT,T˚ “ θ˚pa22 b Ta1q ¨ a12 P A˚ ¨ A “ lucpAq.
To complete the proof for general T˚ P ApbA, we let η “ 8ř
i“1
ai b bi P ApbA and
we let ηn “ řni“1 ai b bi. Then piθT,ηn , pˇiθT,ηn P lucpAq and }η ´ ηn} ÝÑ 0 as nÑ 8.
For all T P L pA,A˚q, we have
}piθT,η ´ piθT,ηn} “ sup
cPA
}c}ď1
|piθT,ηpcq ´ piθT,ηnpcq| “ sup
cPA
}c}ď1
|xpiθpcqT, η ´ ηny|
ď }η ´ ηn} sup
cPA
}c}ď1
}T ˝ θpcq} ď }η ´ ηn}}T }}θ} ÝÑ 0 as nÑ 8.
So piθT,η “ lim
n
piθT,ηn P lucpAq.
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Similarly,
}pˇiθT,η ´ pˇiθT,ηn} “ sup
cPA
}c}ď1
|pˇiθT,ηpcq ´ pˇiθT,ηnpcq| “ sup
cPA
}c}ď1
|xpˇiθpcqT, η ´ ηny|
ď }η ´ ηn} sup
cPA
}c}ď1
}θpcq˚ ˝ T } ď }η ´ ηn}}θ}}T } ÝÑ 0 as nÑ 8.
So pˇiθT,η “ lim
n
pˇiθT,ηn P lucpAq. 
Corollary 5.11. Let A be a Banach algebra with a bounded left approximate
identity. Let θ : A ÝÑ L pAq be a continuous, non-degenerate representation.
Then each of the two maps
(i) piθ : A ÝÑ L pL pA,A˚qq , piθpaqT “ T ˝ θpaq,
(ii) pˇiθ : A ÝÑ L pL pA,A˚qq , pˇiθpaqT “ θpaq˚ ˝ T,
where a P A and T P L pA,A˚q, is a continuous anti-representation of A subordi-
nate to rucpAq.
Proof. By Lemma C.24 and the given assumptions above, Aop has a bounded
right approximate identity and θ is a continuous non-degenerate anti-representation
of Aop onL pAopq. And hence, by Theorem 5.10, the maps defined in (i) and (ii) are
both continuous representations of Aop subordinate to lucpAopq. Applying Lemma
C.24 again implies that the same maps are continuous anti-representations of A
subordinate to pAopq˚ ¨ Aop “ A ¨ A˚ “ rucpAq. 
Theorem 5.12. Let A be a Banach algebra with a bounded right approximate
identity, and let θ : A ÝÑ L pAq be the continuous anti-representation defined
by θpaq “ Ra, with Ra being the right multiplication operator by a. Then every
f P lucpAq “ A˚ ¨ A is a coordinate function of the continuous representations piθ
and pˇiθ of A on L pA,A˚q, where piθpaqT “ T ˝ θpaq and pˇiθpaqT “ θpaq˚ ˝ T .
Proof. Let f “ λ ¨ a P lucpAq, where λ P A˚ and a P A. Using Cohen’s
factorization theorem (see Hewitt–Ross [28, (32.26)]), we can write a “ a1a2 with
a1,a2 P A. Define Lλ, Rλ P L pA,A˚q as in (4) and (5) in Section 3.1, and let
T˚ “ a2 b a1 P ApbA “ L pA,A˚q˚.
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We claim that f “ piθRλ,T˚ “ pˇiθLλ,T˚ . In fact, for every c P A,
piθRλ,T˚ pcq “ xpiθpcqRλ, a2 b a1y “ xRλ ˝ θpcq, a2 b a1y “ xRλpa2cq, a1y
“ xpa2cq ¨ λ, a1y “ xλ, a1pa2cqy “ xλ ¨ a, cy “ fpcq.
Moreover, since for all x P A and ω P A˚, we have
xR˚aω, xy “ xω,Rapxqy “ xω, xay “ xa ¨ ω, xy,
Ra˚ P L pA˚q is given by Ra˚pωq “ a ¨ ω pω P A˚q. Hence we can write
pˇiθLλ,T˚ pcq “ xpˇiθpcqLλ, a2 b a1y “ xθpcq˚ ˝ Lλ, a2 b a1y “ xR˚c ˝ Lλ, a2 b a1y
“ xc ¨ pλ ¨ a2q, a1y “ xc ¨ λ, a2a1y “ xλ, acy “ xλ ¨ a, cy “ fpcq.

Corollary 5.13. Let A be a Banach algebra with a bounded left approximate
identity, and let θ : A ÝÑ L pAq be the continuous representation defined by
θpaq “ La, with La being the left multiplication operator by a. Then every f P
rucpAq “ A ¨A˚ is a coordinate function of the continuous anti-representations piθ
and pˇiθ of A on L pA,A˚q, where piθpaqT “ T ˝ θpaq and pˇiθpaqT “ θpaq˚ ˝ T .
Proof. By Lemma C.24 and the given assumptions above, Aop has a bounded
right approximate identity and θ is the continuous anti-representation of Aop on
L pAopq defined by
θpaq “ Ra pa P Aopq.
Hence, by Theorem 5.12, every f P lucpAopq “ rucpAq is a coordinate function
of the continuous anti-representations piθ and pˇiθ of Aop on L pAop, pAopq˚q, where
piθpaqT “ T ˝ θpaq and pˇiθpaqT “ θpaq˚ ˝T . These maps, with the same definitions,
are continuous representations of A on L pA,A˚q by Lemma C.24. 
Conclusion and Future Work
This research has highlighted the significance of topological introversion as a
property of subspaces of the dual space of a Banach algebra A. In Chapter 2,
we proved the existence of a natural bijection between continuous representations
of A on Y subordinate to X, and normal representations of X˚ on Y whenever
X is topologically left (right) introverted in A˚ and Y is reflexive. This result
can be regarded as a natural extension of the well known correspondence between
the representations of a C˚-algebra and the representations of its enveloping von
Neumann algebra.
We then moved on to study specific examples of topologically introverted sub-
spaces of A˚ and examine representations of A which are subordinate to such
spaces. We devoted special attention to [weakly] almost periodic functionals, which
have been studied by several authors in recent decades. In Chapter 3, we defined
these spaces and studied some of their properties.
In Chapter 4, we extended the well-known result on positive linear functionals
being coordinate functions of involutive representations on Hilbert spaces to weakly
almost periodic functionals. We showed that if A has a bounded approximate
identity, then every weakly almost periodic functional of A is a coordinate function
of a representation of A, on some reflexive Banach space Y , subordinate to wappAq.
Finally, in Chapter 5 we studied the topologically introverted subspaces lucpAq
and rucpAq of A˚. We showed that a function f on a locally compact group
G is left uniformly continuous if and only if it is the coordinate function of the
conjugate representation of L1pGq, associated to some unitary representation of G.
We generalized the latter result to an arbitrary Banach algebra with bounded right
approximate identity. We proved that the functionals in lucpAq are all coordinate
functions of some norm continuous representation of A on a dual Banach space Y .
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There are many interesting questions which arise from this research and offer
directions for future work. We mention a few of them below.
(1) The dual B˚ of an arbitrary Banach A-bimodule B can be made into a
Banach A-bimodule via the module actions d, where
xϕd a, by “ xϕ, a ¨ by, xad ϕ, by “ xϕ, b ¨ ay pa P A, b P B, ϕ P B˚q. (34)
In particular, A˚ is canonically a Banach A-bimodule. Our definition
of [weakly] almost periodic functionals uses this structure. It would be
interesting to generalize our results to spaces of [weakly] almost periodic
functionals defined on an arbitrary Banach A-module B, i.e., [weakly]
almost periodic functionals that belong to B˚ (see Kaijser [32] and Runde
[43]).
(2) Suppose the Banach space X has a Schauder basis, then every compact
operator T P L pXq is the limit of finite rank operators (see Conway [4,
Page 175]). Therefore, as a means of better understanding almost periodic
functionals, it would be interesting to study functionals λ P A˚ such that
Lλ (defined in Section 3.1) is a finite rank operator.
(3) As noted above, the converse of Theorem 3.19 is not known. In particular,
we don’t have a Banach algebra analogue of the well know result for
groups which states that a function f on G is in AP pGq if and only if
f is the uniform limit of coordinate functions of unitary representations
Vk : G ÝÑ L pHkq of G on some finite dimensional Hilbert spaces Hk. It
would be interesting to know if this result holds for particular classes of
Banach algebras (such as, for example, C˚-algebras).
Appendix A: Tensor Products
Following are some of the well-known results regarding tensor products which
we require in this thesis. For the definition of tensor products and a more detailed
treatment of this subject, the reader may refer to Ryan [46].
We start with the universal property of tensor products.
Theorem A.14 (Universal Property of Tensor Products). Let E and F be two
vector spaces, and
ι : E ˆ F ÝÑ E b F, px, yq ÞÑ xb y
be the canonical bilinear map.
(a) Given any vector space X and any bilinear map rϕ : E ˆ F ÝÑ X, there
exists a unique linear map ϕ : E b F ÝÑ X such that rϕ “ ϕ ˝ ι.
(b) The map ϕ is surjective if and only if the span of the image of rϕ is the
entire space X.
(c) The map ϕ is injective if and only if rϕ satisfies the following “disjointness
property”: (DP) Suppose that tx1, . . . , xnu Ă E, ty1, . . . , ynu Ă F , and
suppose that
nř
i“1
rϕpxi, yiq “ 0. Then if x1, . . . , xn are linearly independent,
y1 “ y2 “ ¨ ¨ ¨ “ yn “ 0; and if y1, . . . , yn are linearly independent,
x1 “ x2 “ ¨ ¨ ¨ “ xn “ 0.
Proof. (a) Let pxαqαPI and pyβqβPJ be bases for E and F , respectively. Then
pxαb yβqpα,βqPIˆJ form a basis for EbF by Ryan [46, Proposition 1.1]. We define
ϕpxα b yβq :“ rϕpxα, yβq for α P I and β P J.
We extend ϕ to the entire space EbF by linearity; clearly ϕ with such properties
is uniquely determined.
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(b) Since rϕpxα, yβq “ ϕ ˝ ιpxα, yβq “ ϕpxα b yβq, and since rϕ is bilinear and ϕ
is linear, we can write
SpantIm rϕu “ Span trϕpxα, yβq : α P I, β P Ju
“ Span tϕpxα b yβq : α P I, β P Ju
“ Imϕ.
Here, Im denotes the image. It follows that ϕ is surjective if and only if the span
of the image of rϕ is the entire space X.
(c) First suppose that ϕ is injective. If x1, . . . , xn are linearly independent and
nÿ
i“1
rϕpxi, yiq “ 0, then nÿ
i“1
ϕpxi b yiq “ 0 which implies that ϕ
˜
nÿ
i“1
xi b yi
¸
“ 0.
Since ϕ is injective, we have
nř
i“1
xib yi “ 0. It follows that y1 “ y2 “ . . . “ yn “ 0.
A similar argument shows that if y1, . . . , yn were linearly independent, then we
must have x1 “ . . . “ xn “ 0. Thus rϕ satisfies (DP).
Conversely, suppose that rϕ satisfies (DP) and let ϕpuq “ 0 for some
u “
nÿ
i“1
xi b yi P E b F,
where x1, . . . , xn are linearly independent. Then
nÿ
i“1
ϕpxi b yiq “ 0, which implies that
nÿ
i“1
rϕpxi, yiq “ 0.
It follows by the (DP) that y1 “ . . . “ yn “ 0, and hence u “ 0, since xi b yi “ 0
for every i. Thus ϕ is injective. 
Corollary A.15. Let E, F and X be vector spaces. If rϕ : E ˆ F ÝÑ X is
a bilinear map satisfying (DP), and the image of rϕ spans X, then
ϕ : E b F ÝÑ X, xb y ÞÑ rϕpx, yq
is an isomorphism between E b F and X.
Next we will define the projective tensor product.
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Definition A.16 (The greatest cross norm). Given u P E b F , we define the
projective tensor norm of u as follows:
}u} “ inft
nÿ
i“1
}xi}}yi} : u “
nÿ
i“1
xi b yiu.
The projective tensor product EpbF is the completion of EbF with respect to the
norm } ¨ }.
Theorem A.17. (1) } ¨ } is a norm on E b F .
(2) }xb y} “ }x}}y} for all x P X and y P Y .
Remark A.18. Part (2) of Theorem A.17 is refered to as the ‘cross’ property
of } ¨ }. It follows that if } ¨ }β is another cross norm on E b F , then }u}β ď
nř
i“1
}xi b yi}β “
nř
i“1
}xi}}yi} so }u}β ď }u}, proving that } ¨ } is the greatest cross
norm on E b F .
For the proof, see Ryan [46, Proposition 2.1].
The power of the tensor product construction is that it can be used to linearize
bilinear maps. We presented this universal property in Theorem A.14 above for
algebraic tensor products. In fact, this result extends to the projective tensor
product as shown below.
Theorem A.19. Let X, Y and Z be Banach spaces and rT : X ˆ Y ÝÑ Z
be a bounded bilinear mapping. Then there exists a unique bounded linear map
T : X pbY ÝÑ Z satisfying rT “ T ˝ ι. More specifically, T px b yq “ rT px, yq for
all x P X and y P Y . The correspondence rT ÐÑ T is an isometric isomorphism
between the Banach space BpX ˆ Y, Zq of all bounded bilinear maps from X ˆ Y
to Z and L pX pbY, Zq.
Proof. Theorem A.14 immediately implies that there exists a unique linear
map T : XbY ÝÑ Z satisfying rT “ T ˝ ι. We first show that T is bounded under
the projective norm on X b Y . For u “
nř
i“1
xi b yi P X b Y , we have
}T puq} “ }
nÿ
i“1
rT pxi, yiq} ď }rT } nÿ
i“1
}xi}}yi}.
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Since this holds for every representation of u, it follows that }T puq} ď }rT }}u}.
Therefore, T is bounded and satisfies }T } ď }rT }. On the other hand, }rT px, yq} “
}T px b yq} ď }T }}x}}y} implies that }rT } ď }T }. Therefore, }T } “ }rT }. Now,
let X b Y be equipped with the projective tensor norm and let X pbY denote the
completion of XbY with respect to this norm. Then the operator T : XbY ÝÑ Z
has a unique extension to an operator T : X pbY ÝÑ Z with the same norm. The
mapping rT ÞÑ T is clearly a linear isometry and it remains to show that this
mapping is surjective. Let S P L pX pbY, Zq. The bounded bilinear mappingrT P BpX ˆ Y, Zq, defined by rT px, yq “ Spxb yq, satisfies rT “ S ˝ ι. 
With the canonical identification BpX ˆ Y, Zq “ L pX pbY, Zq established
above, we can let Z be the scalar field to get BpX ˆ Y,Cq “ pX pbY q˚, where
the action of a bounded bilinear form B as a bounded linear functional on X pbY
is given by
xB,
8ÿ
i“1
xi b yiy “
8ÿ
i“1
Bpxi, yiq,
which yields a new formula for the projective norm
}u} “ supt|xB, uy| : B P BpX ˆ Y,Cq, }B} ď 1u.
This new formula is sometimes more convenient for calculations than the original
formula.
With each bounded bilinear form B P BpX ˆ Y,Cq, there is an associated
operator LB P L pX, Y ˚q, defined by xLBpxq, yy “ Bpx, yq for all x P X and y P Y .
The map B ÞÑ LB is an isometric isomorphism between the spaces BpX ˆ Y,Cq
and L pX, Y ˚q. Thus we have the identification:
pX pbY q˚ “ L pX, Y ˚q,
where the action of an operator S P L pX, Y ˚q as a bounded linear functional on
X pbY is given by
xS,
8ÿ
i“1
xi b yiy “
8ÿ
i“1
xSxi, yiy.
Similarly, we have another identification:
pX pbY q˚ “ L pY,X˚q.
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Remark A.20. An extensively used special case of the identifications above
occurs when Y is a reflexive Banach space. In this case, we identify L pY q “
L pY, Y ˚˚q with pY pbY ˚q˚.
Lemma A.21. Let X be a Banach space. Then there is an injective bounded
linear map φ : X pbX˚ ÝÑ L pXq˚.
Proof. Let
τ : L pXq ãÑ L pX,X˚˚q – pX pbX˚q˚
be the canonical embedding. Let φ : X pbX˚ ÝÑ L pXq˚ be the map u ÞÑ τ˚puˆq,
where uˆ is the canonical image of u in pX pbX˚q˚˚. Then φ is a bounded linear
map. To prove that φ is injective, we may use part (c) of Theorem A.14 and show
that the map rφ : X ˆX˚ ÝÑ L pXq˚ given by rφ “ φ ˝ ι satisfies the disjointness
property (DP).
Let x1, x2, . . . , xn P X and f1, f2, . . . , fn P X˚ be such that
nř
i“1
rφpxi, fiq “ 0.
This is equivalent to the requirement that
0 “ xT,
nÿ
i“1
rφpxi, fiqy “ nÿ
i“1
xT, rφpxi, fiqy “ nÿ
i“1
xfi, Txiy for all T P L pXq.
Suppose that x1, x2, . . . , xn are linearly independent. Then by the Hahn-Banach
theorem (see Conway [4, Corollary III.6.6]), there exists a bounded linear func-
tional g P X˚ such that gpx1q “ 1 and gpxjq “ 0 for all j ě 2. Let y P X and
define
T P L pXq, T pxq “ gpxqy.
Then
nÿ
i“1
xfi, Txiy “ f1pyq “ 0.
Since y was arbitrary, we have f1pyq “ 0 for all y P X and hence f1 “ 0. A similar
argument shows that fj “ 0 for all j ě 2, hence f1 “ f2 “ . . . “ fn “ 0.
Conversely, suppose that f1, f2, . . . , fn are linearly independent. Then by
Proposition 2.2, there exists some y P X such that y R kerpf1q and y P
nŞ
i“2
kerpfiq.
Let g P X˚ be such that gpx1q “ 1. Such a functional g exists by the Hahn-Banach
theorem. Define
S P L pXq, Spxq “ gpxqy.
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Then
0 “
nÿ
i“1
xfi, Sxiy “
nÿ
i“1
xfi, gpxiqyy “
nÿ
i“1
gpxiqxfi, yy “ f1pyq,
contradicting our assumption that f1pyq ‰ 0. Therefore, x1 “ 0 and gpx1q “ 0 for
all g P X˚. Repeating the argument for all i ě 2 implies that x1 “ x2 “ ¨ ¨ ¨ “ xn “
0. Therefore, rφ satisfies the disjointness property and hence φ is injective. 
As a consequence of the above lemma, we can consider x b f P X pbX˚ (and
clearly, arbitrary u “
8ř
i“1
xi b fi P X pbX˚) as an element of L pXq˚ with duality
action given by xxb f, T y “ xf, Txy.
Appendix B: Proof of Lemmas 1.21 and 1.22
Proof of Lemma 1.21. Throughout the proof below, we have left out the
verification of linearity of the canonical module actions for briefness, since it follows
directly from the linear operations in the spaces involved as well as the linearity
of the functionals in A˚ and A˚˚.
(i) For all λ P A˚ and a, b, x P A,
xλ ¨ pabq, xy “ xλ, pabqxy “ xλ, apbxqy “ xλ ¨ a, bxy “ xpλ ¨ aq ¨ b, xy.
So λ ¨ pabq “ pλ ¨ aq ¨ b. Similarly, pabq ¨ λ “ a ¨ pb ¨ λq.
Moreover, we have
xpa ¨ λq ¨ b, xy “ xa ¨ λ, bxy “ xλ, pbxqay “ xλ, bpxaqy “ xλ ¨ b, xay “ xa ¨ pλ ¨ bq, xy.
Therefore, pa ¨ λq ¨ b “ a ¨ pλ ¨ bq.
Furthermore, we have
}λ ¨ a} “ sup
xPBA
|xλ ¨ a, xy| “ sup
xPBA
|xλ, axy| ď sup
xPBA
}λ} }a} }x} ď }λ} }a}.
Similarly, }a ¨ λ} ď }a}}λ}. Therefore, A˚ is a Banach A-bimodule.
(ii) For all Ψ P A˚˚, λ P A˚, and a, x P A, we have
xΨ ¨ pλ ¨ aq, xy “ xΨ, pλ ¨ aq ¨ xy “ xΨ, λ ¨ paxqy “ xΨ ¨ λ, axy “ xpΨ ¨ λq ¨ a, xy
Therefore, Ψ ¨ pλ ¨ aq “ pΨ ¨ λq ¨ a. Similarly, pa ¨ λq ¨Ψ “ a ¨ pλ ¨Ψq.
(iii) The verification that l and ♦ are algebra products is straightforward and
has been left out for briefness. Here, we verify that these products satisfy
the Banach algebra condition. For Ψ,Φ P A˚˚, we have
}ΨlΦ} “ sup
λPBA˚
|xΨlΦ, λy| “ sup
λPBA˚
|xΨ,Φ ¨ λy|
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ď sup
λPBA˚
}Ψ} }Φ} }λ} ď }Ψ} }Φ}.
Similarly, }Ψ♦Φ} ď }Ψ} }Φ}.
(iv) For all Ψ,Φ P A˚˚, λ P A˚, and a P A,
xpΨlΦq ¨ λ, ay “ xΨlΦ, λ ¨ ay “ xΨ,Φ ¨ pλ ¨ aqy “ xΨ, pΦ ¨ λq ¨ ay “ xΨ ¨ pΦ ¨ λq, ay.
So pΨlΦq ¨ λ “ Ψ ¨ pΦ ¨ λq. Moreover,
}Ψ ¨ λ} “ sup
aPBA
|xΨ ¨ λ, ay| “ sup
aPBA
|xΨ, λ ¨ ay| ď sup
aPBA
}Ψ} }λ} }a} ď }Ψ} }λ}.
Therefore, A˚ is a left Banach pA˚˚,lq-module. Similarly, A˚ is a right
Banach pA˚˚,♦q-module.
(v) For each λ P A˚, we have
x pab, λy “ xλ, aby “ xλ ¨ a, by “ xbˆ, λ ¨ aˆy “ xaˆ♦bˆ, λy.
Therefore, pab “ aˆ♦bˆ. The proof of the second equality is similar.

Proof of Lemma 1.22. (1) Let a P A and λ P A˚. Then for all x P A,
xλ ¨ a, xy “ xλ, axy “ xx ¨ λ, ay “ xaˆ, x ¨ λy “ xλ ¨ aˆ, xy.
Similarly, a ¨ λ “ aˆ ¨ λ.
(2) Let a P A and Ψ P A˚˚. Then for all λ P A˚,
xΨlaˆ, λy “ xΨ, aˆ ¨ λy “ xΨ, a ¨ λy “ xλ ¨Ψ, ay “ xaˆ, λ ¨Ψy “ xΨ♦aˆ, λy.
Similarly, aˆlΨ “ aˆ♦Ψ.
(3) Suppose tΨαu is a net in A˚˚ such that Ψα w˚ÝÝÑ Ψ P A˚˚. Then for all λ
in A˚,
xΨlΦ, λy “ xΨ,Φ ¨ λy “ lim
α
xΨα,Φ ¨ λy “ lim
α
xΨαlΦ, λy.
So ΨαlΦ
w˚ÝÝÑ ΨlΦ. Similarly, Φ♦Ψα w˚ÝÝÑ Φ♦Ψ.
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(4) Suppose tΨαu is a net in A˚˚ such that Ψα w˚ÝÝÑ Ψ P A˚˚. Then for all λ
in A˚,
xaˆlΨ, λy “ xaˆ,Ψ ¨ λy “ xΨ ¨ λ, ay “ xΨ, λ ¨ ay
“ lim
α
xΨα, λ ¨ ay “ lim
α
xΨα ¨ λ, ay “ lim
α
xaˆ,Ψα ¨ λy
“ lim
α
xaˆlΨα, λy.
Therefore, aˆlΨα
w˚ÝÝÑ aˆlΨ. Similarly, Ψα♦aˆ w˚ÝÝÑ Ψ♦aˆ.

Appendix C: Opposite Algebra
Let A be a Banach algebra. Define
‹ : Aˆ A ÝÑ A, a ‹ b “ ba pa, b P Aq. (35)
Definition C.22. The opposite algebra of A, denoted Aop, is pA, ‹q.
Theorem C.23. Let A be a Banach algebra. Then Aop is a Banach algebra.
Proof. First note that the normed space Aop is identical to A and hence is a
Banach space.
Let a, b, c P Aop and α P C. Then
a ‹ pb` cq “ pb` cqa “ ba` ca “ a ‹ b` a ‹ c,
pa` bq ‹ c “ cpa` bq “ ca` cb “ a ‹ c` b ‹ c,
pa ‹ bq ‹ c “ cpbaq “ pcbqa “ a ‹ pb ‹ cq,
αpa ‹ bq “ αpbaq “ pαbqa “ bpαaq “ a ‹ pαbq “ pαaq ‹ b.
Therefore, Aop is an algebra. Finally, Aop is a Banach algebra since
}a ‹ b} “ }ba} ď }b}}a} “ }a}}b}.

Lemma C.24. Let A be a Banach algebra and Aop its opposite algebra. Then
(i) A is unital if and only if Aop is unital.
(ii) If A has a [bounded][two-sided][right] left approximate identity, then Aop
has a [bounded][two-sided][left] right approximate identity.
(iii) If θ is any algebra homomorphism acting on A, then θ is an algebra anti-
homomorphism acting on Aop and vice versa.
(iv) pAopq˚ “ A˚.
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Proof. (i) Let e be the identity element of A. Then ae “ ea “ a for every
a P A. This happens if and only if e ‹ a “ a ‹ e “ a for every a P Aop, implying
that e is the identity element of Aop.
(ii) Suppose peαqαPI is a net in A such that lim
α
}eαa´ a} “ 0. Then peαqαPI is
a net in Aop and lim
α
}a ‹ eα´ a} “ 0. The proof of the other statements is similar.
(iii) If θ is such that θpabq “ θpaqθpbq for all a, b P A, then θpa ‹ bq “ θpbaq “
θpbqθpaq for all a, b P Aop. The converse is also true.
(iv) This is obvious since Aop and A are identical as normed spaces and only
differ in their respective algebraic multiplication operations. 
Lemma C.25. Let A be a Banach algebra. If X is a [left] right Banach A-
module, then X is a [right] left Banach Aop-module. In particular, every Banach
A-bimodule is a Banach Aop-bimodule.
Proof. Suppose X is a left Banach A-module with module action
AˆX ÝÑ X, pa, xq ÞÑ a ¨ x.
Define
X ˆ Aop ÝÑ X, px, aq ÞÑ xd a “ a ¨ x.
Then for all a, b P Aop and x, y P X, we have
xd pa` bq “ pa` bq ¨ x “ a ¨ x` b ¨ x “ xd a` xd b,
px` yq d a “ a ¨ px` yq “ a ¨ x` a ¨ y “ xd a` y d a,
xd pa ‹ bq “ pbaq ¨ x “ b ¨ pa ¨ xq “ pxd aq d b.
Therefore, X is a right Aop-module. Moreover, for all a P Aop and x P X,
}xd a} “ }a ¨ x} ď C}a}}x} “ C}x}}a}.
Hence X is a right Banach Aop-module. The proofs of the remaining statements
are similar. 
Corollary C.26. A ¨ A˚ “ pAopq˚ d Aop
Proof. This follows immediately from Lemmas C.24(iv) and C.25. 
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